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ABSTRACT 

A  discussion  of  the  geodesic  on  the  oblate  spheroid  (refer¬ 
ence  ellipsoid)  is  given  with  formulae  of  geodetic  accuracy 
(second  order  in  the  flattening,  distance  and  azimuths)  for 
the  noniterative  direct  and  inverse  solutions  over  the  hemi- 
spheroid,  requiring  no  root  extraction  and  no  tabular  data 
except  8-place  tables  of  the  natural  trigonometric  functions. 


Forms  are  presented  for  use  with  any  elHpsoid  of  reference 
and  the  formulae  are  adaptable  to  high  speed  electronic 
computers.  Instructions  for  use  of  the  forms  in  desk  comp¬ 
utations  are  given  with  the  parameters  for  ten  known  ellipsoids 
of  reference  and  the  radii  of  spherical  approximations. 


A  discussion  is  included  of  the  computation  of  a  long  reference 
line  in  stations  and  of  reference  systems  in  the  vicinity  of  a 
station  as  may  be  useful  in  oceanography,  seismology,  or 
other  geophysical  disciplines.  ^ 


While  the  formulae  introduced  are  satisfactory  for  short  as 
well  as  long  lines,  the  emphasis  is  on  long  lines  out  to  maxi¬ 
mum  spheroidal  geodesic  length  under  the  shortest  distance 
property  of  the  geodesic.  The  use  of  certain  types  of  map 
projections  for  such  base  line  work  is  also  discussed. 


The  direct  and  inverse  solutions  as  presented  here  have  been 
adapted  to  high  speed  computers  by  the  Earth  Sciences  Div¬ 
ision  of  Teledyne,  Inc.,  Alexandria,  Virginia  under  the  direction 
of  Dr.  E.  F.  Chiburis.  The  Fortran  statements  for  the  inverse 
solution  are  given  in  Appendix  4. 


January  1970 


P.  D.  THOMAS 

Staff  Mathematician 
Research  and  Development  Department 
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FOREWORD 


This  report  fills  a  void  in  the  theory  and  computation  of  long  geodetic 
distances  on  the  reference  ellipsoid.  The  results  will  be  particularly  useful  to 
long  range  navigation  systems  such  as  the  Omega,  and  to  several  geophysical 
disciplines  such  as  oceanography,  seismology,  and  geodesy. 

*  T.  K.  TREADWELL 
Captain,  U.  S.  Navy 
Commander 

U.  S,  Naval  Oceanographic  Office 


PREFACE 


The  exposition  of  the  computation  of  geodesics  on  the  reference  ellipsoid  (oblate  spheroid  with  small 
eccentricity)  is  based  on  the  mathematical  investigation  I  have  conducted  and  included  as  Appendix  1  to  this 
report.  The  many  papers  which  have  appeared  on  the  subject  since  the  early  work  of  Legendre  and  Bessel 
are  evidence  of  the  dissatisfaction  with  the  classic  methods.  This  paper  is  no  exception.  It  is  a  “fresh’'  in¬ 
vestigation,  but  shows  the  influence  of  literature  search.  Where  results  were  identifiable  in  other  treatises,  I 
have  made  reference  to  them.  All  the  published  works  consulted  are  listed  in  the  bibliography.  Many  of 
tne  results  presented  here  are  new.  The  emphasis  is  on  long  lines,  based  upon  somewhat  arbitrary  criteria, 
i.e.,  an  accuracy  of  at  least  1  meter  in  position-geodetic  length  within  1  meter;  latitude,  longitude,  and 
azimuth  within  .035  second-over  the  longest  possible  hemispheroidal  geodesics  employing  no  tables  except 
8-place  natural  trigonometric  for  desk  computations-in  any  case  meeting  the  1/100,000  distance  and  1 
second  azimuth  requirement  as  specified  by  ACIC  in  their  special  studies  (bibliographical  reference  [22] 
of  this  report),  easy  adaptation  to  any  reference  ellipsoid  by  merely  changing  the  defining  parameters;  no 
root  extraction  or  iteration  with  formulae  limited  to  first  and  second  powers  of  the  flattening  and  which  are 
compatible  with  both  desk  and  large  electronic  computers. 

Since  the  investigation  included  the  longest  possible  geodesics,  the  following  questions  had  to  be  re¬ 
solved  in  the  evaluation:  If  we  take  an  arbitrary  point  on  a  given  nonplanar  spheroidal  geodesic,  am  we 
find  a  second  limiting  point  on  the  geodesk  beyond  which  the  unique  shortest  distance  property  falls? 
While  Euler’s  differential  equation  is  a  necessary  condition,  is  it  sufficient?  For  example,  in  a  limiting  case, 
the  equator  as  well  as  a  meridian  on  the  spheroid  are  geodesics  (both  satisfy  Euler’s  condition)  and  both 
contain  a  common  equatorial  diameter -Is  there  an  arc  of  the  equator  which  satisfies  the  shortest  distance 
criteria?  Are  there  more  than  two  consecutive  geodesic  vertices  or  more  than  two  nodes  (equatorial 
crossings)  in  a  hemispheroid ?  Are  then  any  antipodal  points  on  nonplanar  spheroidal  geodesks?  What 
happens  antipodally  In  a  family  of  geodesks  each  having  a  vertex  in  a  common  meridian?  How  can  we 
independently  check  approximation  equations  for  very  long  geodesies? 

In  the  1957  report  of  the  study  group  No.  2  on  long  lines,  International  Association  of  Geodesy, 
we  find  the  statement:  “Consequently,  if  two  points  are  situated  near  the  equator  and  are  separated 
by  nearly  180°  of  longitude  there  is  a  certain  ambiguity  as  to  what  is  meant  by  the  geodesic  between 
them.”  In  his  paper  “The  distance  between  two  widely  separated  points  on  the  surface  of  the  earth” 
(Bibliographical  reference  [17]  below).  Dr.  W.  D.  Lambert  stated  (concerning  the  ambiguity):  “These 
appears  to  be  no  comprehensive  treatment  readily  available  in  English.  The  author  hopes  to  publish  one 
shortly."  This  wu  never  done. 


Ui 
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From  my  investigation  (Appendix  1)  it  was  concluded  that  the  maximum  lengths  of  all  oblate 
spheroidal  geodesics,  under  the  shortest  distance  property,  each  having  a  vertex  in  a  common  semimeridian 
(pole  to  pole)  are  contained  in  a  hemispheroid  (on  the  same  side  of  the  meridian  orthogonal  to  that  con¬ 
taining  the  vertices).  This  permitted  determination  of  maximum  distances  over  which  approximation 
formulae  to  geodesics  need  hold  under  assumed  accuracy  criteria. 

The  antipodal  tones  were  investigated  for  such  a  family  of  geodesics  (each  with  a  vertex  in  a  common 
meridian)  and  formulae  developed  for  determining  the  axes  of  the  geodesic  evohites  (envelopes).  A  formula 
for  the  latitude  of  the  conjugate  of  an  arbitrary  point  on  the  spheroidal  geodesic  (the  point  beyond  which 
the  unique  shortest  distance  property  fails)  was  found. 

Formulae  were  developed  in  terms  oj  •»;*.*  ve:  ,ex  latitude  of  th *  geodesic  for  longitude  difference  and 
length  to  serve  as  control  checks  on  approximation  formulae,  and  to  check  already  published  lines  to  be 
used  for  comparative  purposes.  A  new  direct  solution  was  developed,  and  the  inverse  solution  ( previously 
published  in  NAVOCEANO  TR-182,  1966)  improved  in  form  layout,  azimuths  to  second  order  in  the 
flattening  were  added  and  the  quadrant  search  for  azimuths  eliminated.  Where  possible  or  feasible  the 
formulae  presented  were  developed  through  at  least  two  different  analyses,  the  details  of  which  are  pre¬ 
sented  in  Appendix  1. 

No  apology  is  made  for  including  the  computations  of  a  large  number  of  numerical  results  throughout 
the  discourse  of  Appendix  1,  or  for  those  included  as  a  group  in  Appendix  3.  One  of  the  disappointing 
aspects  of  the  literature  review  (Bibliography  to  this  report),  was  the  frequency  of  a  single  or  at  most  two 
numerical  examples  presented  in  verification  of  formulae,  such  formulae  being  subsequently  unacceptable 
when  applied  to  lines  differing  considerably  from  those  presented.  The  numerical  results  of  Appendix  3  are 
also  useful  as  checks,  should  individual  programming  of  the  equations  be  attempted,  and  all  the  ACIC  test 
lines,  already  published  in  reference  [22] ,  have  been  included  in  Appendix  3  for  check  purposes.  Appendix  2 
contains  the  parameters  for  ten  reference  ellipsoids,  the  radii  of  spherical  approximations,  antipodal  zone 
axes  and  areas,  coordinate  systems  and  other  useful  formulae. 

The  formulae  presented  here  for  the  direct  and  inverse  (reverse)  solutions  of  geodesics  in  terms  of 
parametric  latitude  have  been  programmed  (Fortran)  by  the  Earth  Sciences  Division,  Teledyne,  Inc., 
Alexandria,  Virginia,  under  the  supervision  of  Dr.  E.  F.  Chiburis.  The  Fortran  statements  for  the  inverse 
solution  are  given  in  Appendix  4,  and  the  card  deck  is  available. 

Finally,  it  seemed  desirable  to  devote  a  section  to  a  discussion  of  the  use  of  forms  presented  for  desk 
computations,  and  in  applications  such  as  the  computation  of  reference  lines  and  local  associated  geometry 
in  the  neighborhood  of  stations  on  the  base  line  as  may  be  needed  in  geophysical  surveys  and  studies. 

Paul  D.  Thomas,  Staff  Mathematician 
Research  and  Development  Department 
U.  S.  Naval  Oceanographic  Office 
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HISTORICAL  NOTE 


The  French  Mathematician,  Legendre,  published  papers  in  1806  and  1811  on  the  theory  of  spheroidal 
geodesics,  conxjlidating  and  extending  his  work  in  the  Traite  des  Fonctions  Elliptiques,  1825. 

The  German  astronomer,  Bessel,  published  an  approximation  solution  to  the  spheroidal  geodesic  in 
1825,  (!),*  and  since  that  time  an  almost  endless  stream  of  publications  on  the  subject  has  appeared.  Other 
famous  19th  century  scientists  who  studied  the  problem  include  Bennet  (1850,  '5 1 ),  Christoffel  (1868), 
Hansen  ( 1 868),  Cayley  (1870),  Jacobi  (posthumous  publication),  Halphen  (1888),  Darboux  ( 1894),  A.R. 
Forsyth  (1895).  Cayley  was  the  first  to  use  (he  term  “parametric  latitude”  for  the  eccentric  angle  of  the 
meridian  ellipse,  125] ,  preferring  it  to  Legendre’s  "reduced  latitude.”  Two  outstanding  19th  century 
treatises,  in  each  of  which  the  geodesic  problem  is  presented  with  approximation  solutions  (iterative),  are 
those  of  the  British  geodesist  Clarke  and  of  Helmert,  the  German  contemporary,  both  volumes  appearing  in 
188C,  12]. 

The  Bessel-Hclmert  method,  which  is  an  iterative  type  computation  of  the  development  of  the  pro¬ 
jection  on  the  sphere  of  the  spheroidal  geodesic,  has  been  modified  by  some  investigators  to  eliminate  the 
iterative  process  and  the  use  of  tables  other  than  natural  trigonometric,  but  usually  involving  root  extrac¬ 
tion.  (3] ,  (4) .  Others  have  followed  Clarke’s  method  which  in  general  involves  tables  for  a  particular 
reference  ellipsoid,  and  may  involve  root  extraction,  (Sj. 

Since  the  difference  in  length  between  the  elliptic  normal  sections  or  the  great  elliptic  section  and  the 
geodesic  is  of  the  4th  order  in  the  eccentricity  of  the  meridian  ellipae,  formulae  have  appeared  computing 
these  lengths  rather  than  the  geodesic,  some  using  also  azimuths  of  these  sections  rather  than  geodesic 
azimuths  and  with  the  option,  in  some  cases,  of  applying  difference  or  differential  correction  formulae  for 
finally  converting  to  geodesic  length  and  geodesic  uimu*hs,  (6) .  ]  7) .  {8] .  (9) .  Particularly  with  respect  to 
long  geodetic  lines,  the  literature  is  quite  extensive.  (10).  (M).  (12),  (13),  (l<).  Many  of  these  formulae 
as  published  were  developed  to  give  datano-  up  to  a  fixed  predetermined  maximum  length  with  a  given 
accuracy  and  fad  almost  immediately  on  lines  in  excess  of  that  maximum,  Mary  involve  coefficient*  of 
many  terms  tn  powers  of  the  eccentricity  or  other  allocated  parameter.  None  of  the*  examined  appeared 
capable  of  supplying  the  veratdity  required  under  the  criteria  adopted  for  the  present  study. 


THE  GEODESIC  ON  THE  OaUfE  SPHEROID 

The  longest  plane  dosed  curve  on  the  obtate  ellipsoid  of  revolution  is  the  circular  equator,  and  the 
shortest  closed  curve,  which  is  Mao  a  geodesic,  is  the  meridian.  The  equator  and  the  meridians  art  th*  only 


‘Swatted  Munben  refer  to  the  MMtopafdry  attacked  to  dm  report 


plane  geodesics  and  the  only  dosed  geodesics.  AO  other  geodesics  are  three  dimensional  space  curves,  that 
is  they  have  at  each  point  two  principal  radii  of  curvature  (a  radius  of  curvature  and  a  radius  of  torsion). 

The  nonplanar  geodesic  oscillates  symmetrically  between  tangencies  to  its  two  associated  symmetric 
parallels  with  respect  to  the  equator,  and  because  of  the  flattening  retrogresses  through  each  revolution 
about  tne  spheroid  and  thus  cannot  close  on  itself,  as  shown  in  Figure  1. 

The  geodesic  is  fundamentally  defined  as  the  curve  of  shortest  distance  between  two  points  on  a 
surface.  From  the  integral  for  arc  length  we  may,  by  the  calculus  of  variations,  determine  the  conditions  on 
the  integrand  for  the  arc  length  to  be  a  minimum.  Actually  maximum  or  minimum  (extrema).  That  is  the 
distance  by  way  of  the  geodesic  around  the  back  side  of  the  oblate  spheroid,  between  two  points  within  a 
hemispheroid,  would  be  the  longest  geodesic  distance.  In  Figure  1 ,  note  the  geodesic  arc  PiP2  where  Pj  is 
a  first  point  of  crossing  after  one.  .evolution  .bout  the  spheroid.  Around  the  backside,  the  geodesic  dis- 
ance  from  Pi  to  Pj  is  the  Ion*’  geodesic  arc  PiCDEFPj. 


If  the  geodesic  is  traced  front  a  point  A,  a  node,  on  the  equator  in  the  direction  of 
the  tangents  as  shewn  it  .  3  net  oats  again  through  A  after  a  complete  revolution  but 
will  cross  the  equator  at  a  point  E  as  shown.  The  course  is  AP^CDEFPjG  , , , . ;  Pj 
is  the  first  point  where  the  geodesic  crosses  Itself. 


Figure  1.  Pictorial  representation  of  the  nonplanar  good  eric  on  the  oblate  ellipsoid  of  revolution. 
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From  the  results  of  the  extreme]  conditions  may  be  deduced  the  property  that  the  osculating  plane  at 
each  point  of  a  geodesic  contains  the  normal  to  the  surface,  or  equivalently  that  at  each  point  of  a  geodesic 
the  principal  normal  to  the  curve  mutt  coincide  with  the  normal  to  the  surface,  [16] .  But  from  simple 
mechanics,  considering  a  string  stretched  under  tension  between  two  points  on  a  smooth  spheroid,  we  can 
show  that  the  curve  assumed  by  the  string  is  a  geodesic,  [IS]. 

Analogy  with  the  sobMteBite  trace. 

The  normal  projection  of  the  orbit  of  an  earth  artificial  satellite  upon  an  ellipsoid  of  reference  simu¬ 
lates  the  geodesic.  The  normal  projection  of  an  equatorial  orbit  is  very  near  the  equator  and  that  of  a  polar 
orbit  is  dose  to  a  meridian.  For  other  orbits,  the  satellite  responds  in  greater  degree  to  the  flattening  (the 
equatorial  bulge)  of  the  geoid  (sea  level  surface)  which  is  approximated  by  the  reference  ellipsoid.  This 
effect  on  the  satellite  (sustained  by  its  velocity-falling  very  slowly  back  to  earth)  with  the  rotation  of  the 
earth  under  the  orbit,  causes  the  trace  of  the  trajectory  (orbit)  as  projected  normally  upon  the  reference 
ellipsoid  to  oscillate  between  two  parallels  symmetric  with  respect  to  the  equator  as  shown  in  Figure  2. 

The  symmetric  parallels  are  in  latitude  ±  48°  corresponding  to  the  satellite  inclination  (the  angle  between 
the  orbit  and  the  equator).  Note  also  in  Figure  2  that  the  longitude  difference  between  successive  equato¬ 
rial  traces  is  30°.  Hence  for  each  half  revolution  of  the  satellite  the  earth  turns  15°  to  the  east  under  the 
orbit  which  is  itself  in  an  easterly  direction.  Hence  the  longitude  difference,  node  to  node  (Ni  to  N3)  of 
the  continuous  trace  is  165°  as  shown.  Tne  orbit  also  retrogresses  but  only  about  3°  per  day  as  shown  at 
the  injection  point  of  the  orbit.  Now  a  geodesic  on  the  Clarke  1866  ellipsoid  with  vertex  parametric  lati¬ 
tude  48°  has  a  longitude  difference  node  to  node,  of  about  1 79°  36'  (see  TABLE  8),  and  no  geodesic  on  it 
can  have  a  longitude  difference,  node  to  node,  of  less  than  about  1 79°  24'  and  this  is  along  the  equator 
itself.  Hence  the  subsateUite  trace  is  not  a  geodesic  on  the  reference  ellipsoid  but  it  behaves  like  one, 
oscillating  between  two  symmetric  parallels  in  latitude  equal  to  the  inclination  of  the  orbit,  and  with  no 
more  than  two  nodes  or  two  vertices  (of  the  trace)  within  a  hemispheroid  (on  the  same  side  of  a  meridian). 
But  this  digression  is  useful  to  remhd  us  that  the  nonplan  sj  geodesic  tries  to  climb  to  the  nearest  pole. 

Geodesic  antipodal  zones. 

The  behavior  of  the  geodesic,  when  the  geodesic  arc  end  points  are  nearly  antipodal  has  been  dis¬ 
cussed  in  several  sources  [17] ,  [24] ,  [25] .  Clearly  if  the  two  points  are  180°  apart  on  the  equator,  then 
the  shortest  distance  between  them  on  the  surface  is  the  meridional  semilength.  In  fact  the  ihortest  dis¬ 
tance  on  the  surface  between  the  end  points  of  any  diameter  of  the  spheroid  is  either  of  the  two  equal  arcs 
of  the  meridian  subtended  by  the  diameter-that  is  the  meridians  are  the  only  antipodal  geodesics.  This  is 
clearly  so  because  of  all  the  plane  elliptic  sections  through  any  diameter  of  the  oblate  spheroid,  the  one  with 
the  largest  eccentricity  and  therefore  shortest  length  is  the  meridian. 

Only  the  circular  length  rrb  along  the  equator  belongs  to  the  hcmispheroidal  family  of  geodesics  (a 
vertex  of  each  geodesic  in  a  common  meridian)  and  it  is  the  shortest  member.  There  are  no  antipodal  points 
on  nonpkmar  spheroidal  geodesics.  See  Appendix  1  to  this  report  for  the  proofs. 

If  the  difference  in  longitude  of  two  points  on  the  equator  is  not  n  radians  but  rr(l-k)  radians,  wher; 
k  is  a  small  quantity,  k  <  f  (f  is  the  flattening  of  the  spheroid)  then  there  are  two  geodesics,  symmetric  with 
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respect  to  the  equator,  which  take  advantage  of  the  flattening  and  climb  toward  the  poles.  Note  the 
geodesics  ( 1 )  and  (2)  in  Figure  3.  If  k  -  f,  the  geodesic  consists  of  the  equatorial  arc  D  D'  *CC'  • 
na(l  -  e*)U2  *  itafl  -f). 

Continuing  the  discussion,  with  the  help  of  Figure  3,  we  suppose  that  T  T'  is  an  equatorial  diameter 
of  the  spheroid  orthogonal  to  a  fixed  meridian  as  shown.  An  arbitrary  point  P  on  the  meridian  has  the 
symmetric  R'  with  respect  to  the  equator,  the  symmetric  R  with  respect  to  the  polar  axis,  and  the  sym¬ 
metric  P'  with  respect  to  the  spheroidal  center.  There  are  thus  four  equal  geodesics,  two  each  with  vertex 
latitude  ±  d0,  determined  by  every  point  P  and  all  are  orthogonal  to  the  fixed  meridian.  In  the  limit  as 
k  -*  f,  geodesics  (1)  and  (2)  coincide  with  the  arc  D  D'  of  the  equator  and  analogously  geodesics  (3)  and 
(4)  coincide  with  the  arc  C  C'.  When  k  -*•  0,  fl0  -*■  rr/2,  -60  -*•  -  jr/2  and  then  geodesics  (1)  and  (3),  (2) 
and  (4)  respectively  coincide  with  the  upper  and  lower  halves  of  the  meridian  ABA'B’  (plane  of  the  paper 
in  Figure  3). 
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It  has  been  shown  that  this  family  of  geodesics,  as  depicted  in  Figure  3,  has  two  evolutes.  Cayley, 
[25] ,  called  these  geodesic  evolutes  with  respect  a  given  meridian.  These  are  shown  pictorially  in  Figure  3 
as  the  figures  A8CD,  A'B'C'D'  and  they  resemble  the  evolute  of  the  meridian  ellipse  or  a  hypocycloid 
of  four  cusps  since  the  eccentricity  of  the  meridian  is  small  with  respect  to  earth  reference  ellipsoids.  See 
also  Figure  12  of  Appendix  1.  (The  evolute  of  a  given  plane  curve  is  the  curve  tangent  to  all  normals  or 
perpendiculars  to  the  given  curve-also  called  the  envelope  of  the  normals.  On  the  spheroid,  arcs  of  geo¬ 
desics  correspond  to  straight  line  segments  in  the  plane  relative  to  the  shortest  distance  property.)  Determi¬ 
nation  of  the  meridional  arc  axes  of  the  geodesic  evolutes  (AB  =  A'B'  of  Figure  3)  requires  the  solution  of  a 
transcendental  equation  and  is  discussed  in  Appendix  1. 

The  spheroidal  areas  enclosed  by  the  geodesic  evolutes  are  called  the  geodesic  antipodal  zones  with 
respect  to  a  given  meridian.  Note  from  Figure  3  that  only  two  consecutive  nodes  (equator  crossings)  occur 
in  a  he  mi  spheroid  and  that  they  always  lie  in  the  geodesic  antipodal  zones  with  respect  to  the  meridian  con¬ 
taining  the  geodesic  vertex.  Because  of  the  symmetry  about  the  equator,  the  distance  between  consecutive 
nodes  is  the  same  as  between  consecutive  vertices.  Hence  we  may  within  a  hemispheroid  (on  the  same  side 
of  a  meridian)  have  a  maximum  of  two  consecutive  nodes  and  the  vertex  between  them;  or  a  maximum  of 
two  vertices  and  the  node  between  them.  For  proof  see  Appendix  1  to  this  report. 

Other  properties  of  the  geodetic. 

The  differential  equation  of  the  spheroidal  geodesics  may  be  found  using  the  property  of  coincidence 
of  principal  normal  to  the  curve  and  the  normal  to  the  surface  at  an  arbitrary  common  point  and  it  can  be 
shown  that  the  integral  arc  length  depends  on  the  evaluation  of  an  elliptic  integral.  Since  the  eccentricity 
and  the  flattening  are  small  quantities  for  earth  reference  ellipsoids,  the  series  expansion  of  the  integral  in 
terms  of  eccentricity,  flattening,  or  other  associated  parameter  converges  rapidly  and  evaluation  is  usually 
made  in  this  way  rather  than  by  interpolation  in  elliptic  integral  tables. 

An  easily  demonstrated  but  very  important  well  known  property  of  the  geodesic  on  the  oblate 
spheroid  (or  of  the  geodesic  on  any  revohite)  is  that  at  each  point  of  the  geodetic  the  product  of  the  redhu 
of  the  penMand  the  due  of  the  angle  which  the  geodetic  makes  with  the  meridian  is  constant.  The 
mathematical  demonstration  is  found  in  Appendix  1 . 

The  problem  of  determining  azimuths  or  geographic  position  of  an  end  point  of  a  geodesic  arc  in¬ 
volves  solution  of  a  polar  spheroidal  triangle  and  is  usually  approximated  by  solution  of  s  corresponding 
spherical  triangle  or  a  sequence  of  them  (iteration). 

ACCURACY  CRITERIA  FOR  COMPUTATIONS 

While  sophisticated  computer  systems  are  becoming  more  available  universally,  there  is  a  need  addi¬ 
tionally  or  alternatively  to  have  some  computing  forms  which  wfll  give  a  reasonable  geodetic  accuracy  over 
hemiapheroidal  geodesics  for  both  direct  or  inverse  (reverse)  solutions  with  minimum  requirements  of  a 
desk  computer,  only  8-place  tables  of  natural  trigonometric  functions-oo  iteration  or  root  extraction. 
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Accordingly  the  following  criteria  were  adopted  relative  to  the  mathematical  study  included  as  Appendix  1 
to  this  report: 

1 .  An  accuracy  of  1  miter  in  position-geodetic  length  within  1  meter;  latitude,  longitude,  and  azimuth 
within  .035  second-over  the  longest  possible  hemispheroidal  geodesics,  but  in  any  case  equalling  the 
1/100,000  distance  and  1  second  azimuth  requirement  adopted  by  ACIC,  [22] . 

2.  No  tabular  data  required  except  8-place  natural  trigonometric  for  desk  computations. 

a 

3.  4  No  iteration  or  root  extraction  with  formulae  also  adaptable  to  large  electronic  computing  systems. 

*  4.  Easy  adaptation  to  any  reference  ellipsoid  by  merely  changing  the  scale  parameters  a,  f,  etc. 

DIRECT  SOLUTION 

All  direct  solutions  of  the  spheroidal  triangle  involve  approximations  by-  .me  or  more  spherical  tri¬ 
angles.  They  differ  with  respect  to  the  variables,  parameters,  required  tabular  data,  arithmetic  operations 
and  subsequent  accuracy.  The  formulae  to  be  presented  here  inwhw  corrections  to  a  single  spherics]  tri¬ 
angle.  The  variables  are  longitude,  X,  parametric  latitude,  8  Parameters  are  a,  f,  d0  where  f  are  the 
semimajor  axis  and  flattening  of  the  reference  ellipsoid  and  do  is  the  parametric  latitude  of  the  geodesic 
vertex.  The  only  tabular  data  required  is  a  table,  such  as  Attest,  of  the  natural  trigonometric  functions.  No 
root  extraction  or  iteration  is  required  in  arithmetic  operations. 

We  are  given  the  point  P,  (pt ,  Xj )  on  the  spheroid,  where  ,  X»  are  geodetic  latitude  and  longitude 
(geographic  coordinates);  the  forward  azimuth  a,.]  and  distance  S  to  a  second  point  Pj  (dj ,  Xj );  and  from 
these  we  are  to  find  the  geographic  coordinates  4]t  Xj  and  the  back  azimuth  a}.| .  The  given  quantities  an 
di»X|,0|^,S. 

Formulae.  (The  derivations  are  given  in  Appendix  I) 

Second  Order  In  f. 

Tandi  "(1-f) tan #i,M"cosdv* coed,  sin 0|.j, 

N  ■  cosdi  costtu,.c,  *fM, Ct  "(1/4)31 -M*),D»(l-CsXI-C}-C|M), 

P-c,(l  *(!/2)c|Mjb,cos0|  ■  sin d i/sht d«, d" S/a D,u"2(0|  -d), 

W"  I  -  2P  cos  u,  V  ■  cos(u  t  d)  ■  cos  u  coed- tin  u  sin  d,X"c)  staid  cos  d(2V*  - 1), 

Y  »  2PVW  tin  d,  Ao  •  d  +  X  •  Y.  Zo  ■  20|  -  Ao, 

tan  Oj.i  ■  M/(N  cos  do  -  sin  d ,  ria  Ac), 

lan#i  "-(rind,  cos  Ao  +  Nsin  Ao)dno,.,/(l  -QM, 

tan  Ar?  ■  Mn  Ac  in  a, /(cot  d ,  cos  Ao -sin  d,  tan  Ao  cos  a,.,), 

H  -  Ci  (1  -c,)  Ao-c,Cj  sin  AocosIo.AX"Ajj-H,Xi"X,  ♦  AX 
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First  Order  inf  (f2  3  0) 

We  (dace  terms  in  f1  equal  to  zero  in  the  above  equations  which  will  remain  the  same  except  for  the 
following: 

D*  1  -2cj  -CiM,P*Ci/D,X  =  0,  Ao  =  d-Y,  H  =  c,Ao. 

Spherical  (f  3  0) 

If  we  place  f  *  0  in  the  above  equations  we  have  tan  di  "  tan  dt ,  0t  ■  0, , 

M*  cos 0j  sina^j  ■  cos0o,N  «cos0i  cosa,.?, 

Ao  ■  d  *  S/a,  tan  dj-i  «  M/(N  cos  d  -  sin  0,  sin  d), 

tan  dj  ■  -(an  0t  cos  d  +  N  sin  d)  sin  a2. i  /M, 

tan  AX  s  sind  sin  at -a /(cos 0 1  cosd-sin0i  sindcosai-j) 

Xj  ■  Xj  +  AX;  a  may  be  the  radius  of  a  spherical  approximation  such  as  given  in  Appendix  2. 

Sips  Conventions  for  Azimuth  and  Longitude 

We  take  the  initial  point  to  be  west  of  the  terminus  in  the  direct  solution  and  then  always 
180°  <  a2-i  <  360°.  We  also  have  0  <  Aij  <  AX  <  tr.  If  two  arbitrary  points  are  both  in  the  southern 
hemispheroid  (both  in  negative  latitude),  we  solve  as  though  both  were  in  the  northern  hemispheroid  and 
write  symmetric  elements  with  respect  to  the  equator.  While  not  necessary,  these  conventions  simplify 
somewhat  the  determination  of  azimuth  and  longitude  difference  in  desk  computing. 

From  the  quantities  above  in  the  formulae  we  find  the  first  quadrant  angles  u  and  v  given  by 
tan  u  ■  Itan  Oj.|  I,  tan  v  «  Itan  Aijl 

If  tan  «a-i  >  O,  then  Oj.,  •  180 °  +  u;(f  ten  a}.,  <  O,  then  Oa-i  *  36(f  -  u.  If  tan  2xt\>0,  then 
tonmv;iftm  ton  <0,  then  At?  3 18Cf  -  v. 

The  conventions  are  sufficient,  under  the  assumptions,  u  demonstrated  by  the  following: 

Always 0  <at^  <  180°.  When  tan  a*.,  >0,  then  aa-t  is  in  the  third  quadrant  and  is  of  the  form 
I80*  +  u,einoetan(1800  +  u)"tanu.  When  tan  a,.,  <0,  thenaa.,  is  in  the  fourth  quadrant  and  is  of 
the  form  380*  -  u,  since  tan  (360*  -  u)  •-  tan  u. 

Since  always  0  <A*}<  AX  <*;  when  tan  As?  >0,  Ar?  is  hi  the  first  quadrant  and  Aq»v.  When 
tanAqCO,  Aqisintht  second  quadrant  end  is  of  the  form  180  -v.  since  tan  (180- v)  "-tan  v. 

The  arnmfMMOt  of  the  direct  formulM  into  a  computing  form  is  shown  in  Figure  18,  Appendix  I. 

INVERSE  (K8VEK8C)  SOLUTION 

The  mtbtished  inverse  kAitVim  hi«*  been  mom  varied  rt—  the  direct.  The  series  exnension  for  the 
geodesic  length  in  the  flattening  f,  spherical  length  d(with  reference  to  the  geodetic  latitude  of  the  vertex 
of  the  peat  eliptic  arc)  in  the  form 

S»a{d-F,(d)f  ♦Fffdjf*  ♦  ..J 

was  pubthhed  by  A  Jt.  Forsyth  in  189$,  (20).  Errors  in  F|(d),  making  uoienebk  the  use  of  the  second 
order  term,  remained  undetected  until  1965,  (21).  The  mote  recent  ewaminationi  aho  revealed  that  the 
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Andoyer-Lambert  expansions  to  first  order  in  the  flattening  are  merely  those  of  Forsyth  to  first  order  in  f, 
(18] .  An  independent  verification  of  the  corrections  to  Forsyth’s  equations  was  found  in  the  work  of 
Gougenheim,  (23] .  Gougenhetm ’s  work  has  apparently  gone  unnoticed  although  he  has  had  a  correct  ex¬ 
pansion  in  terms  of  geodetic  latitude  to  second  order  In  the  flattening  since  1950. 

Forsyth  had  the  expansion  in  parametric  latitude  to  first  order  in  the  flattening.  This  was  extended 
to  second  order  as  .sported  in  [18] .  The  formulae  for  distance  to  be  used  here  are  basically  those  from 
[18] .  The  azimuth  formulae  are  adaptations  of  those  presented  by  Gougenheim  in  [23] .  See  Appendix  1 , 
Equations  (143). 

We  are  given  the  points  P,  (0, ,  A,),  Pi  (0*,  X*)  on  the  spheroid  and  are  to  find  the  distance  S 
between  the  points  and  the  forward  and  back  azimuths,  ai  -j  and  tt*-i .  Given  quantities  are  0i ,  Xj ,  0] , 

X2 .  It  is  assumed  that  east  longitudes  are  positive  and  that  Pj  it  west  of  Pi . 

Formulae 

Second  Order  in  f 

tandi  =  (l-Otan0|,  i»  1,2 

8m  ‘012X8 ,  +  6*),  A6m  -  (1/2X61  -  AX  -  Xj  -  X, , 

*(1/2)AX,  H  -  cos1  A9m  -  sin5  8m  "cos1  8m  -  tin1  A6m, 

L  •  sin1  A6m  +  H  sin1  AXm  -  sin1  (l/2)d,  1  -  L  *  cos1  (l/2)d,  cos  d  -  1  -  2L, 

U * 2 sin1  6mcos1  A0W/(1-L), V- 2 rtn*  A6,  cos1  6./L.X-U  +  V, 

Y  -  U  -  V,  T  •  d/sin  d,D-4T1,E-2cosd,A»DE,B-2D, 

OT-(l/2XA-E);  check:  C  -  V4E  +  AD/B •  T. 
n,  -  X(A  +  CX),  n*  •  Y(B  ♦  EY), n,  »  DXY,  «,d  -  (l/4)KTX  -  Y), 

6]d "(f^/MXiii  -Sj  +  nj), Si  *asln4(T-J|d),Si  -a  sin d(T -8 id ♦6id), 

F  -  2Y  -  E(4  -  X),  M  •  32T  -  (20T  -  A)X  -  (B  ♦  4)  Y. 

G  -(1/2)1 T  ♦  (1*164)14, Q  -  -(FG  tan  AX)/4.  AX'.  -(I/2XAX ♦  Q). 

C|  -  -  sin  A6»/cot  0a  tan  AX'. .  u  -  arc  tan  lc,  l,  a,  -v-u. 

C]  ■  cos  A6M/sin 0m  tan  AX'a,  v  ■  arc  tan  fell,  a*  -v  +  u, 


Cl 

Cs 

®S*t 

♦ 

«t 

360 -a,  . 

♦ 

♦ 

a* 

360- a, 

- 

- 

IM>t] 

180  to, 

*• 

180. a, 

I80  +  O* 

FPtt  Order  t*f(f*m  0/ 

tan  #| 

“0- 

0«*»4s.  *" 

■  1 . 2;  •«  - 

(1/2X6.  ♦»i).A6« 

“(1/2X6*  -6|), 

AX 

•Xs- 

X„AX«- 

(l/2)AX,  H 

•coe1  A 6«  .ski1 6, 

m  -  cm1  9m  -  sta*  A6m 

L 

-tin1 

AB.  +  Htin1  AX.-sta1  Hd.i-L-cos1 

ttd,  cotd  -  1  -  2L, 
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U  -  2  tin1  ea  cos2  Ad./(  1  -  L),  V  •  2  tin*  Ad.  cos2  dm/L, 

X  ■  U  +  V,  Y  -  U  -  V,  T  -  d/tin  d,  8  ,d  •  (l/4)f(TX  -  Y), 

S  ■  t  rin  d (T -5 ,d),  F  -  2  IY  - (1  -  2LX4  - X)1 ,  G  ■  (l/2)fr, 

Q  *  -  (FG  tan  AX)/4,  AX'm  •  (1/2XAX  ♦  Q);  the  rest  of  the  azimuth  solution  is  the  same  as  for 
the  original  formulae  above. 

Spturical  (f  »  0) 

With  f  *  Oin  the  above  formulae  we  have: 
tand,-tand,,*-M. -(1/2X*.  ♦«,). A*. -(l/2X*s 
AX  *  Xj  -  X,,  AX.  -  (1/2) AX,  H  -  cos1  Ad.  -  sin*  8m  »  cos2  5.  -  sin2  Ad., 

L  -  sin 2  Ad.  +  H  sin2  AX.,  cos  d  -  1  -  2L,  S  -  ad,  Q  ■  0,  AX'.  *  AX., 
ct  -  -sin  Ad. /cos  d.  tan  AX.,  c,  -  cos  Ad./sin  d.  tan  AX.;  the  rest  of  the  azimuth  solution 
is  the  same  as  above. 


Ari— th  Pet  wmbatioa-FIminartoB  of  Qeadnat  Search 

In  die  above  formulae  we  fbtd  two  fat  qumtrmt  tngks  given  by  u  -  arc  tan  lc,  I,  v  *  arc  tan  lc,l.  We 
then  form  a,  -  v  -  u,  a,  -v  +  u  and  determine  the  azimuths  according  to  the  aignt  of  C|  and  c,  from  the 
array: 


JEl _ 

°1-* 

«a*t_ 

n* 

♦ 

360-a, 

♦ 

♦ 

360 -o, 

- 

- 

180-Oj 

180*0, 

♦ 

- 

180-a, 

180*  a, 

For  the  development 

of  thaea  expreerioos  see  Appendix  1. 

The  anangatnant  of  the  inverse  formulae  into  a  computing  form  !a  shown  in  figure  25.  Appendix  1 . 

DISK  COMPUTATIONI  Of  OfltKCT  AND  RIVERS!  SOLlfflONS 

l^tj^t  s  tbs  ^lir^s^^t  ^to^i  1 II ,  2  ^1  -Appendix  I ,  the  Jong  line 

puhldud  la  reference  fd|  will  be  used  Its  elements  as  gt-wn  there  are: 

ORIGIN  #,  «20\X, -0;S -964941 2J05  meters 
TERMINUS  #,  •  45*.  X,  •  106*;«,-,  •  42*  56*  30" .035. 

f-  .003367003367.  a  -  6378388  meters,  a,.,  -  295*  1 7'  18:600 
To  provlda  a  check  for  tide  Mm  we  urn  equations  (49),  (50)  of  Appandbt  I  to  mate  an  independent 
computation  as  fodowr 

f-  J003367003367.  a-  6378388  aa.coaf#  -  .64042078,  ah#,  -  .76802423, 

Cl  * f cos #*-.2 1 $629892 X  ICf\A-c,(l -c:c«)- .215522628X  ICT> 
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c, -(l/4)f  on1  flo*  . 49651618  X  Iff1.  B  -  (l/2)c,c,c,  -  .53606 X  Iff* 

Cj  ■  1  +C|  cos  do  *  1.0013809386,  D  ■  2  +  Cj(cJ  ♦  c|)-(l  +  C|)c«  -Cj  *  .9976269631 

c,  -  c,  +  c,  •  1.0018774548,  E  -  He,  (2  +  c,(c,  -  1)  - cil*.49685942  X  Iff* 

ij,  *  72°  23'  36?933,  F  -  Kcl(2c4  -  !)  -  .6186  X  Iff7 

»jj  -  33°  47'  36?695, I17-  tJ:  ♦  n2  •  106*  1 1'  13?628  •  1.8533148482  rad. 

c,  -  63°  38'  26^269,  lo  ■  a,  ♦  c,  -  86*  50'  29^583  •  1.5156709899  red. 

0,  -  23*  12'  03:314,  an  lo  •  .99848098,  Ac  -  o,  -  0,  ■  40*  26'  22:955, 
cot  Ac  *  .76108893,  «n  21o-  .11002746,  p  -  2  fin  £c  co«  Ao  -  1.51986564, 
cos  2Ac  *  .15851 273,  q  «  2  tin  2£«  cos  2Ao  -  .034881506. 


in 

1.8533148482 

D  lo 

1.5120742467 

-Ala 

-  .0032666139 

♦  Ep 

♦  .0007551596 

1.8500482343 

1.5128294063 

*  Bp 

♦  .0000008147 

-Fq 

22 

AAfrad) 

1.8500490490 

S/a 

1.51 28294041 

AX 

106*  00*  00:009 

S 

9649412.917  m 

Figures  4  to  9  are  respectively  the  direct  and  inverse  solutions  of  this  line  -  second  order  in  f,  first 
order  in  f(f*  »  0),  and  spherical  (f  ■  0).  The  crosses  in  spaces  of  the  fini  order  and  spherical  examples  indi¬ 
cate  values  to  be  omitted  in  the  compulation. 

Computation  of  the  direct  sohstion. 

Second  outer  to  /  We  first  identify  the  reference  eihpaoid  to  be  used  at  the  top  of  the  form  and  enter 
the  indicated  spheroidal  constants  from  Appendix  2.  The  given  quantities  6t .  Oi  -1 .  S.  X,  are  then  entered 
in  the  spaces  provided  with  heavy  undertow  as  shown  in  figure  4;  sin  oleosa,.,.  Un  6t  arc  found  from 
the  Peters  (or  other)  8-place  tables  of  natural  trigonometric  functions;  tan  4t  it  multiplied  by  1  -f  to  get 
tan  C,  as  shown,  and  then  sin  8 cos  9 ,  are  found  from  the  tablet.  In  using  bnear  interpolation  in  the 
Peters  Tables,  always  take  the  tabular  difference  at  the  particular  second  «n  the  table  unless  the  difference 
o  constant  for  the  particular  column  as  marked  top  and  bottom.  For  instance,  at  41*  $2'  the  tabular  dif¬ 
ference  is  a  roostant  361  for  the  sine  column  as  indicated  top  and  bottom,  but  this  is  seldom  ao.  Con¬ 
venient  checks  are  provided  by  the  identities  tin  #/coa  I  ■  tan  f,  tot*  •  ♦cos*  Ml, 

After  61,  N.  •*,  sen  t*  have  been  found  we  compute  the  constants  c, .  ct .  D.  P.  We  may  compute  c» 
in  two  ways  store  1  -M,  ■  sto*  We  next  fade,,  than  d  *  S/aO  which  is  in  radians.  At  the  top  of  the 
form  find  1  radian  *  2062648062  seconds.  This  factor  is  muMpUsd  by  d  (radians)  and  then  divided  by 
3600  seconds  ( I  degree)  which  vriB  give  rs  totegral  nssmhcr  ^s^P  ^l^B^^r^se^s  ^s^ts^t  s  ^l^i^ss^n^il  ^sert  ^s^P  t 
This  decimal  part  is  multiplied  by  60  to  get  an  integral  number  of  mtoutee  phes  a  decimal  part  of  a  minute. 
The  decimal  part  of  a  minute  is  multiplied  by  60  to  get  saooada  retaining  three  decimals.  If  the  total 
number  of  seconds  is  toss  then  3600,  but  more  than  60,  we  divide  by  60  to  grt  minutes  and  thee  continue 
astbovc.  Always  check  by  reversing  the  process  to  get  the  radians  d. 

With  0,  and  d  to  dagreea  are  form  u  *  2(o,  -  d)  and  find  atod,  coed,  sto  u,  casts.  These  ere  checked 
by  da1  *  ♦  coe1  x*  I.  V  and  W  eney  now  be  computed  and  thee  X  and  Y.  Wore  that  X  may  be  ignored  If 
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it  it  lest  than  .3  X  10"*.  Next  Ao  is  computed  from  the  radian  values  of  d,  X,  Y  and  converted  to  degrees. 
Ao  and  d  always  differ  by  only  a  few  minutes.  So  is  formed  in  degrees  and  then  sin  6a.  cos  6a,  cos  So 
found  from  the  tables.  We  are  then  able  to  compute  tan  a2M .  The  first  quadrant  solution  for  tan  u  * 

2.1 1661579  is  ua  64°  42'  417399.  Since  the  sign  of  tan  Oj.,  as  computed  is  negative,  we  have  aJM  = 

360* - u * 295°  17'  187601;  tin  a,.,  -  an (360* -u) « -sin  u ■- sin  64°  42’  417399" - .90416831.  We 
may  now  compute  tan  p?  which  is  found  to  be  1 .00000003  *  I  ♦  (3  X  1(T*)  and  from  the  table  » 

45°  00'  007003.  Next  find  tan  At?  »  -  3.4449133.  From  the  Peters  tables  we  find  for  tan  v  *  +  3.4449133, 
that  v  *  73*  48'  467375,  but  since  the  sign  of  tan  At}  is  negative,  At}  *  I80*-v  ■  106*  1 1'  13*625.  Now 
the  computation  for  H  is  in  radians  and  converting  to  angular  value,  H»  II '  1 37620.  We  subtract  H  from 
6a)  and  add  the  difference,  AX,  to  X|  to  get  X]  *  106*  00'  007005  as  shown. 

Ftet  order  bt  ft f1  •  0).  The  input  quantities  are  the  same  as  shown  in  figure  4.  We  “cross  out”  the 
quantities  to  be  omitted  as  shown  in  Figure  6,  and  the  computational  procedure  is  then  the  same. 

Spherical  (/•*  0).  We  must  adopt  a  spherical  radius.  For  figure  8  we  have  adopted  the  great  normal 
radius  for  6  *  20°,  tee  Appendix  2,  equations  (1 1 )  and  (22).  The  quantities  to  be  omitted  are  then  “crossed 
out**  and  the  simplified  computations  made  as  shown. 

Computation  of  the  fervent  solatia*. 

Second  order  inf.  We  enter  the  name  of  the  reference  ellipsoid  to  be  used  and  the  corresponding 
spheroidal  constants  from  Appendix  2.  The  given  quantities  di .  ,  X| ,  X,  are  entered  in  the  spaces  with 

heavy  underline  as  shown  in  Figure  5.  We  find  tan  dt ,  and  4,  from  the  tables  and  compute  tan  d| .  tan  6t 
as  shown;  then  beck  to  the  tables  to  findfl,,9j.  We  then  form  8m  and  6Bm  and  check  by  adding,  since 
4*  ♦  A d*  ■  dj .  Next  find  AX.  AX*  and  then  from  the  tables  sin  ,  cos  0m ;  un  6Bm ,  cos  A6ra ;  sin  AX„, , 
tan  AX.  W*  next  compute  two  values  of  H  as  shown  which  should  agree  within  S  in  the  9th  place  of 
dedmak.  Taka  the  mten  and  retain  8  decimals.  L  is  then  computed  retaining  8  decimals. 

With  the  value  of  L,  we  farm  i-L,co*d«l-2les  shown;  then  find  d,  sin  d  from  the  tables.  Now 
compute  U,  V.  X,  Y,  T,  E.  D.  B  A.C.  Note  tint  8  -  20,  A  *  OE,  O  -  4T*,C  •  T  -(I/2XA  -  E),  so  that 
these  are  relatively  easy  In  compute.  The  check  it  given  by  T  *  C  -  HE  ♦  AD/B  *  Utm  d. 

Computtni.ni.nl,  and  then  ft|d,  did.  We  an  now  compute  S|  (first  order  for  comparison)  or  go 
directly  to  5t  for  the  second  order  distance  as  shown  bt  figure  S. 

For  the  azimuths,  we  compute  in  order  F,  M,C,  0.  AX*,  tan  AX'*.  Then  e,.  cj.v.  vend  in  that 
order.  We  add  and  subtract  the  quantities  u.  v  to  grt  a,  ■  v  -  u.  a,  »  v  ♦  u.  Now  the  signs  of  c, .  cj  art 
♦  as  drown  in  fiftre  S.  Hence  the  azimuths  area  ,.j  "a,  .a,.,  •  360  -a,  m  shown. 

Fint  order  inf.  The  heeding  information  to  first  order  m  f  and  input  quantities  art  the  tame  as  in 
figure  5.  The  quantities  to  be  omitted  are  “crowed  out”  as  shown  in  figure  7  and  then  (hr  computations 
ate  dowe  as  before  computing  S,  after  finding  the  first  order  correction  5,d. 

Spherical  (f*Q).  We  need  a  radius  approximation  to  the  ettpeoid  and  use  that  determined  for  the 
spherical  duett  solution  which  is  the  peat  normal  length  ford*  20*,  r  •  6380897 .5  meters  (international 
•ttpsoW).  The  onritud  quantities  are  then  “crowed  out”  as  drown  in  figure  9.  and  the  simplified  computa¬ 
tion  made  analogously  as  shown. 
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DIRECT  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  0, .  X, .  a, .  S  to  find  02 .  .  a} East 

longitudes  positive;  azimuths  clockwise  from  north;  no  root  extraction;  only  H-place  trigonometric  natural  tables 
(as  Peters)  required  for  desk  work. 


SPHEROID  a 


I  radian  =  206264.8062  seconds 


_ to  _ 

I*.  ■  w/o nll.7  .Mao jLjoi 

_ M  =  cos  0O  “  cos0,  sin  a,  2  .  WaVlOTt  o, .  co  JB  iijStif 

_ N* cos 0i  cosaj.j  .62?/  7032  sin  0O  «■ 

a.  -  >  . .  ...  -1/  /*L. 


sm  a, J  M  =  cosc0  =  cose,  sin  a,  ., <  va  J  r/  las-iaa 

COSO|.j  *  73ZQ47SSr  _  _  N*cos0,  cosaj.j  .68*/  7032  sm 0O 

c,  =  (M  .  2  /f  6  *  9  ?*/£>  z2—  p  =  (i  -C,M»  -Cl  -c,M )  .99  761^6 

c  =  k( i  - m2 )f  .  y?Asr/6  %x/0~ 3  '  p  =  cj  ( i  +^c, m)/d  .  V 98QA/LX/&'3 

cos  o,  =  sin  0( /sin  0O  ^*3.£-$$-SS-  a,  63  1?  JLl7/ 

d=S/aD  /a-£/.6V>79Y&  J.a d>  d  JlSjji  s  96YfY/7,?/>.^ 

sin  d  J??  f  f.  27.  5^  u  -  2(o,  -  d)  7?  i 9*890 sm  u  -7^ i£ ^  - 

,osd.z?ry?  W..-2PCOSU MULSUtL  cos  u  99/? _ 

V  =  cos  u  cos  d  -  sin  u  sin  d  -  ?!^/ £ 796  9 ^ -  \  *  2PVW  sm  d  J2007S-Q  9rss 

X  »  ci  sin  d  cos d  ( 2 V2  -  I) jJ-fj/X/OSj/' Ac  *  d  ♦  X -  Y  ,f  f,/_—  (,*d» 

sm  te_^L£&LJt£2Z. _ cos  do  ^ 

cos  io  JL u.2b/a.JUrk. ....  -  -0,  Ac  ** ' .a  * 


V  =  cos  u  cos  d  -  sin  u  sin  d  .*  Ik/r/Yb  9 
X  »  c|  sin  d  cos d  ( 2 V2  -  I ) jU£'  */j£L 

sm  .-*-938.9/9  J/GS8 -  cosAc_— t 

cos  -o  +  .  IklOLlttk-  - 


iia  *  2e,  ~  Ac 


tan  oj.,  ■  M'(N  cos  Ac  -  sm  0,  sin  Ac)  -*  •  f/mQ  7  r 

(  ^  -  (tin  0,  cos  Ac  ♦  N  sm  .\o*  i;p  ft;., 

*2  ( I  -  0M 


tan  An 


tin  Ac  sm  a,  , 


*  cos0,  cosAc-sm0,  wnAccoiOi.j 
H  *  c,  ( I  -  c: )  Ac  -  c,  Cj  »m  Ac  cot  Sc 


21-  An  x06l~jlL  .  „jLtt6XiS'~ 

Jrad)  H  .  //  /a? >  6JL£2 

ax  *  An  -  h  /Q6t  00..  O 0.00.9". 


CHECK 

M  *  cot  0O  *  cot0,  sin a,.j  *  cold j  «n( IMO  ♦  Oj  , ) 


X.  «  X,  ♦  AX . 


F(fM*4.  Mnct 


-mcomI  onfttv  te  f. 
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INVERSE  POSITION  COMPUTATION  FORM  FOR  LONG  LINES  Given  0, ,  X, ;  0, ,  X:  to  find  S,  a, .  a2 . 
Azimuths  clockwise  from  north;  east  longitudes  positive;  no  tables  except  8-place  natural  trigonometric  (Peters);  no 
root  extraction. 


nOLm  b  A3S6</// 
1  radian  =  206264.8062  seconds 


DIRECT  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  .  X, .  a,  _2 .  S  to  find  .  X3 ,  a* .  East 
longitudes  positive;  azimuths  clockwise  from  north;  no  root  extraction;  only  8-place  trigonometric  natural  tables 
(as  Peters)  required  for  desk  work. 


SPHEROID  a 


1  radian  =  206264.8062  seconds 


LINE  / ^ /"T/h 

0  1  II 


(1—0  tan  0, 


COS  a.  .1 


c  j  =  W(  1  -  M J  )f 

cos  O]  =  sin  0 1  /sin  d0 

d=S/aD  /JUk 

sm  d  .Ilfs'**??  _ 


V  =  cos  u  cos  d  -  sin  u  sin  d 
X  =  c’  sin  d  cosd  (2VJ  -  I) 


M  =  cos  0O  =  cos  0 1  sin  a,  ,2 


.  do  /O  if" 


N  =  cost?  |  COS  CT|  .2 


_ (rad)  d 

u=  2(o,  -d) 
W  =  1  -  2P  cos  u 


/-a*,. -<?,/* 


p  =  Cj(i  + 


sin  u  _  r 7.7  //_ 
COS  U  jt.s. 


Y  =  2PVW  sin  d  JZ& 
Ao  =  d  Y 


cos  £c_ 


So  =  2o,  -  Acr _ ___ 


tan  <*2 =  M/(N  cos  Ao  -  sin  0 ,  sin  Ao) 

,  -  (sin  0 ,  cos  Ao  +  N  sin  Ao)  sin  o^.,  *9  *9  JT. 

- (Tom - 


stn  a,., 


6  7$rC 


tan  A,  -  - - -iiYXYW &  A, 

cos  0,  cos  Ao  -  sin  0,  sin  Ao  cos  at  .2 


H  =  c,(l  -V)  Ao  -CiC2 


£og<*/ 


CHECK 

M  =  cos  0O  =  cos0,  sin  a,. 2  =  cos02  sin  (180  +  q2.i) 


AX  =  Atj  -  H . 


X2  =  X,  +  AX.. 


Figure  6.  Direct  computation -first  order  in  f. 
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INVERSE  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  0, .  X, ;  02 ,  X2  to  t  int)  S,  a,  ,2 .  a2 . 
Azimuths  clockwise  from  north;  east  longitudes  positive;  no  tables  except  8-place  natural  trigonometric  (Peters),  no 
root  extraction. 


/jlT££Jtg7/MA  SPHEROID 


1  -  f  =  b/a. 
fJ/64 _ 


af 7 r 


1  radian  =  20(1204.8002  seconds 


i. 


1.  always  west  of  2. 
tan  6  =  ( I  -  0  tan  0 


ax  =  x2  -x,  MIL ... 

AXm  =  '"AX  X3 


AX  ^3  - 


em=w^d2) _ 

a em  =  'A(e2-el) _ 

H  =  cos2A0m  -  sin20m  =  cos20 
L  =  sin!A0m  +  H  sin2  AXm 
U  =  2  sin20m  cos2A0m/(l  -  L) 

V  =  2  sinJA0m  cos20m/L«^! 

x  =  u  + \JM22$ZMh 

V  =  u - v  .ZISSAtyD 

A  =  DE _ X _ 


T  =  d/sin  d , 
D  =  4T2 _ 


n,=X(A  +  CX) _ &. _  n,  = 

S|  =  a  sin  d  (T  -  6  td)  9  £.</<?  4/1.* 
F  =  2Y  -  E  (4  -  X)  /,y6H'3S’2~ 
G  =  VifT  +  (f2)^)  M  ^OC’XS‘S’2% 

ax,;  =  */2  (ax + q)  _x2 _ asr  36  . 

v  =  arctan  lc2 1  _ ch _ jsL 

u  =  arctan  lei  I  .  /<? _ 

<*1  =  v  -  u _ Mk. _ C* _ *¥•$ 


C  =  T  -  Vi  (A  -  E)_ 
n2  =  Y  (B  +  EY)_ 


cos  d  =  1  -  2L 


7/  ?t>7Y 


l/S  7  7 C/3  E  *  2  cos  d  .  //YJ  7*V  O _ 

_ B  =  2D  _.X- _ 

X _ CHECK  C  -  Vi  E  +  AD/B  =  T 

/V _  nj  =  DXY _ X _ _ 

62d  =  (f2 /64Kn |  -n2  +  nj) - X - - 

S2  =  a  sin  d  (T  - 5 |d  +  X-d>  X  in 

M  =  32T  -  ( 20  T  -  A)  X  -  ^B  +  4)  Y _ _ _ X- _ ._ _ 

Q  =  -  ( FG  tan  AX)/4 _ /Z _ /hMtL 

c2  =  cos  A0m  /(sin  0m  tan  AX„ )  tM  5676  £400 
ct  =-sin  A0m/(cos0m  tanAX^)”-*. 

a2  =  V  +  u  LY _ 4k _ WM&S' 


Figure  7*  Inverse  KMution-fint  order  in  f. 
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DIRECT  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  0, ,  X, .  a,  .  S  to  find  02 .  X2 .  a2 .  East 
longitudes  positive;  azimuths  clockwise  from  north;  no  root  extraction;  only  8-place  trigonometric  natural  tables 
(as  Peters)  required  for  desk  work. 


//V/-T/A 


.  SPH&RQID 


ID 


1  radian  =  206264.8062  seconds 


.TO.. 


sin  a,.:  _ M  =  cos 0O  =  < 

cos  a,  .j  *  _  N  =  cos  6 1  cos 

c,  =  fM _ /L _ 

c2  =  '/4(l -MJ)f _ X _ 

cos  0|  =  sin  8  ( /sin  d0  -X _  —  0 1  _ 

/  SlZkt2tf.A rad)  d  . 

sin  d _ X- _ _  u=2(0|-d) 

cos  d _ X _ W  =  I  -  2P  cos  u 

V  =  cos  u  cos  d  -  sin  u  sin  d _ X_ _ _ _ 

X  =  cj  sin  d  cos  d  ( 2 V 2  -  I ) - X - 


_  tan  0i _ 2C _  tan  S|  =  ( I  -  0  tan  0,  _ 

Jsin  d,  .?^*7*<?//cos  d,  .  ?3-6  1/ 

J? _ M  =  cos  d0  =  cos  0 ,  sin  a,  _2  £f&/62?/on 

N  =  cos  d  i  cos  0|  ,2  sin  d0  — 


a  (? 


D  =  (l  -CjHI  - c2  -c,M). 

P  =  c2  (1  +  '/.c,M)/D 
/  » 


Y  =  2PVW  sin  d 
Ao  =  d  +  X  -  Y 


,  sin  u _ X _ 

cos  u _ X  _ _ _ 

_ X _ 

_ X. _ (rad) 


cos  Ea _ X _  £o  =  2oi-A<r 

tan  a2.|  =  M/(N  cos  Ao  -  sin  0,  sin  Ao)  -<?./?  S'S"  a2.| 

tan  02  =  t*.?2flA072  sino,., 

( 1  -  f)M 


66  /*/ 


tan  A^- _ sin  Ao  sin  ct|  ,2 _ 

*  cos  d ,  cos  A o  -  sin  d i  sin  Ao  cos  a, 

H  =  C|(l  -c2)  Ao  -C|Cj  sin  Aocos  2)o _ Ct 


.(rad)  H  - - X _ 

ax  _ 


CHICK 


M  =  cos 0o  =  cosd)  sin 0|.2  =  cosd2  sin  ( 180  +  e2.i )  X-  *  At  +  AX. 


F%ure  8,  Direct  Computation -*»MricaL 
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INVERSE  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  0,,  X,;  0,,  X2  to  find  S,  a,.,,  a,., 


Azimuths  clockwise  from  north:  east  longitudes  positive;  no  tables  except  8-place  natural  trigonometric  (Peters);  no 
root  extraction. 

_ SMAAA ' 

s'pffrfcQI^  a*l£  X 

in  h  / 

m 

1  -  f  ■  b/a _ X _ 

Vif  / _ 

v.f  X 

fl/64  X  . 
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U»2sinJ0racos,A0ra/(l-L) - X _ d  £& _ JA t _ Olls/Sl 

V  *  2  sinJA0m  cosa0m/L - X - sin  d - X -  d  (rad)  /  &  V 

X  ■  U  +  V  X _  T  *  d/sin  d _ XL _  E  *  2  cos  d  X _  _ 


Y-U-V. 

A«DE_ 
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J&L. 
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ni  *Y(B+EY) _ )L 


B  *  2D  Ji _ 
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5jd  ■(f5/64Kni  -n2  ♦  n}) - X 

Sj  *  a  sin  d(T  -6 td  + 

M  ■  32T  -(20  T  -  A)  X  -^B  ♦  4)  Y. 
Q  « - <FG  tan  AX)/4  X 


.  m 
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Table  1  give*  a  comparison  of  the  given  line  element*,  the  control  computation,  second  order,  first 
orders,  and  spherical  computations.  See  Appendix  3  for  more  examples  m  direct  and  inverse  solutions  for 
several  line  lengths  and  in  several  azimuths.  Also  see  the  evaluation  and  comparison  in  Appendix  1. 

NOTE:  Appendix  4 gifts  the  Fortran  ttitemenU  for  the  invent  tohirion  at  patterned  here.  The  card 
deck  including  the  arctangent  library  function  (AT  AN 2)  is  avadab.'e. 

DISCUSSION  OF  PROBLEMS  INVOLVING  LONG  GEODETIC  LINES,  LOCAL  COORDINATE 
SYSTEMS,  AND  ASSOCIATED  G  EOMETRY 

General  Remarks. 

If  we  wish  to  compute  reference  lines  connecting  island*,  continents,  duals  in  ocean  areas,  there  an 
several  alternatives  available  depending  on  the  purpose  for  which  the  reference  is  needed  and  the  accuracy 
required.  Direct  scaling  from  a  large  accurate  globe  may  be  used.  If  a  mean  spherical  representation  of  the 
reference  ellipsoid  can  be  tolerated,  then  a  plot  of  compuud  great  circle  intervals  on  an  authaUc  (equal 
area),  sutogonal  (true  angles  about  points),  or  aphylactc  (neither  authalic  nor  autogooal)  projection  may 
suffice.  Within  a  radius  of  10  nm.  of  a  station,  simp*  plane  coordinates,  appropriately  scaled,  wiO  be 
adequate  for  most  geodetic  work,  and  small  relative  errors  will  be  incurred  as  far  as  100  tun.  See  Table  14, 
Appendix  2,  for  errors  in  distance  from  the  origin  awotiated  with  plane  coordinates  involving  several  types 
of  geometric  projection.  Aleo  included  there  is  a  discussion  of  plane  coordinates.  See  (ho  reference  (9). 

For  track  line  reference,  the  azimuths;  equidistant  or  doubly  equidistant  projection  may  be  uaeftil, 
although  both  are  aphyUctk.  Appendix  2  has  a  dbmaftn  of  the  doubly  equidistant  projection  with  its 
equations.  The  Department  of  Scirniiftc  and  Industrial  Research,  New  Zealand,  has  found  the  azimuthal 


equidistant  projections  useful  in  their  $••  rth  Pacific  studies,  sae  reference  (34] . 

1  ^  1  y  1  l  1 

t .  r*  .1  i  i  •  . 
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45  (A  00.003 1  00.005.  .  >  .401 
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r* 

|  !  w]  .0J4j  .400 

Diner 

B 

44  59  59.130 1  .011 1  1  1  .940 

. 1  l  . l .  ..  1 

Invent 

r 

t  T  1  '  f  "  ^'“T-  '  J'",-  1  .-J  “ 

|  |  17,004 1  *MS1|  .ns 
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44  51  12.230 1  10$  59  41.941 1  i  i  It  41.915 

Invent  (eN***» 

0 

j  j  9444355.0  j  54  47.205  J  It  4145* 

The  diagonal  (tkew,  oblique)  Mercator  (cylindrical)  projection,  is  often  useful,  since  the  base  line  (the 
track)  is  one  c*  the  reference  axes  for  rectangular  coordinates,  the  scale  may  be  held  true  along  the  base  line 
or  along  two  parallels  symmetric  to  the  base  line,  and  the  projection  is  autogonal.  A  mathematical  de¬ 
velopment  is  given  in  reference  [16] .  General  tables  exist  to  provide  coverage  for  route  charting,  see 
reference  [33] . 

For  detail  and  greater  accuracy  in  local  area  survey:  connected  with  a  base  line,  rectangular  spherical 
coordinates  may  be  more  convenient,  particularly  for  point  to  point  computation  away  from  the  base  line. 
The  formulas  for  this  kind  of  computation  are  in  chided  in  Appendix  2.  Appendix  2  also  includes  trans¬ 
formations  from  local  rectangular  spherical  coordinates  to  space  rectangular  at  a  point  of  the  ellipsoid 
referred  to  the  normal,  great  normal  section  tangent,  and  meridional  tangent,  and  this  system  in  turn  re¬ 
ferred  to  the  rectangular  system  at  ellipsoid  center,  with  the  axis  of  rotation  a  coordinate  axis.  These  may 
be  useful  relative  to  the  adoption  of  the  World  Geodetic  Reference  System,  1967,  see  Appendix  2. 

For  oceanographic  surveys,  the  positioning  problem  may  not  be  essentially  different  from  the  naviga¬ 
tion  track  plot.  Thegnomoidr  linear  plot,  with  projection  cent v  on  the  track,  gives  the  geographical 
coordinates  of  the  great  circle  which  can  then  be  transferred  to  any  suitable  projection,  the  resulting  curve 
being  the  great  circle  track.  Distances  may  then  be  scaled  from  the  map  or  chart,  azimuths  or  bearings 
measured  directly,  if  the  map  is  autogonal,  etc.  Where  accuracy  requirements  are  not  high,  the  possibility 
of  unrig  existing  maps  and  charts  drouid  be  considered  since  U.  S.  Government  agencies  such  as  AMS, 
GDIRADA,  AC  IS,  CJbGS,  USGS,  NAVOCEANO;  the  National  Geographic  Society;  the  State  governments; 
mapping  and  charting  agencies  of  other  countries,  collectively  publish  large  numbers  of  maps,  charts  and 
grids  on  various  projections  and  at  several  scales.  Direct  scaling  from  e  large  globe  may  suffice 

For  world  reference,  positions  may  be  expressed  in  terms  of  the  Unbenal  Tmtrene  Mercator 
coordbmtt  tyttem,  reference  [35] .  See  also  an  extensive  study  of  world  plane  coordinate  reference  sys¬ 
tems  and  recommendations  at  given  in  reference  [36] .  Positions  may  also  be  referenced  in  rectangular 
coordinates  at  ellipsoid  center,  see  Appendix  2. 

If  the  end  points  arc  in  triangulation  nets  on  different  spheroids,  one  station  can  be  transferred  to  the 
ellipsoid  of  the  other  or  both  can  be  transferred  to  a  third  The  equations  at  used  in  the  NASA  tracking 
system  wfll  be  found  in  reference  [37] .  See  also  references  [9]  and  (38). 

With  the  end  point  coordinates  on  the  tame  tUipsotd,  an  inverse  computation  will  give  the  distance  and 
aaknutha.  This  may  be  done  by  urn  of  a  form  such  at  Figure  5.  The  distance  is  partitioned  according  to  a 
prepbt  of  the  bam  line  on  a  globe,  into  stations  to  fit  islands,  shod  area*,  etc  Beginning  with  the  first 
distance  and  forward  azimuth  of  ths  bast  few,  the  coordinates  of  the  first  station  and  back  azimuth  are 
computed  by  a  direct  aohtfton  using  ths  form  of  Figure  4.  For  best  accuracy  use  the  order  I*  computation, 
keep  the  initial  etbnuih  and  position  but  increase  the  distance  incrementally  as  partitioned  unig  the 
tatsataal  point  is  reached.  The  dnk  computing  could  be  formidable  if  the  line  is  very  long  rod  the  stations 
numerous.  Use  of  a  large  scats  computer  is  then  indicated  if  mdefck. 
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Alternatively  one  may  compute  from  station  to  station  along  the  base  line,  but  this  requires  addi¬ 
tional  computation,  even  if  first  order  in  f  suffices,  since  all  input  elements  change  for  each  succeeding 
computation. 

Spherical  case. 

A  method  of  computing  stations  along  a  great  circle  and  parallels  to  the  great  circle  simultaneously  is 
given  in  reference  [18] .  Alternatively  the  forms  as  given  in  Figures  8  and  9,  can  be  used.  See  also  refer¬ 
ence  (39] .  The  best  spherical  radius  to  use  is  probably  the  ellipsoidal  mean  radius  computed  for  the  nvsan 
latitude  of  the  base  line  terminals,  see  Appendix  2,  equation  (12). 

Problems  in  local  geometry. 

Problem.  To  compute  the  geographic  coordinates  of  a  point  at  distance  S  from  a  base  line  station  and  at 
angle  a  with  the  base  line.  The  geographic  coordinates  pj,  \,  and  azimuth  a<  at  the  particular  station  are 
known,  which  with  given  S  and  a ,  provide  the  input  p|,  Xj,  <tj  ♦  a,  S  for  a  direct  solution  from  the  form  as 
shown  in  Figures  4, 6  or  8,  depending  on  tlie  magnitude  of  S  and  accuracy  required.  For  a  point  at  div- 
tance  S  on  the  perpendicular  to  the  base  line,  a  *  90s.  If  S  is  constant  and  a  *  90°  at  each  base  station, 
the  direct  computation  at  each  station  provides  points  on  a  parallel  at  a  given  distance  S  from  the  geodetic 
base  line  (this  geodesic  parallel  is  not  itself  a  geodesic).  If  the  base  line  is  a  great  circle,  a  circle  parallel  to 
it  is  generated.  If  geographic  coordinates  along  a  partitioned  spherical  base  line  with  corresponding 
coordinates  along  two  symmetric  parallels  are  required,  the  method  as  given  in  reference  (18)  may  be  used. 

Problem  Given  the  geographic  coordinates  Q,  (P, .  X,).  GjfPj.  Xj  /  of  two  stations  of a  spherical  base  Nne. 
to  find  the  perpendicular  distance  sfrom  an  arbitrary  third  point  p! P*.  X*)  to  the  base  line. 

From  equations (3)  and  (4),  page  (23),  reference  (18)  solve  for  Po.  X0: 

tan  X„  »(tan  p,  cos  X,  -  isnp|  coi  X,)/(tan  p,  sin  Xj  -  tan  Pj  sin  X,) 
col  Po  ■  cot  p,  cos(X0  -  X|  )■  COlpj  CO*(Xo  -  Xj). 

From  the  two  figures,  page  (27)  of  reference  (18),  using  the  spherical  formula  cos  a  •  cos  b  cos  c  *  sin  b- 
sin  c  cos  A.  with  a  *  s.  imd 

sin  s  •  t  (stn  p*  cos  Po  -  cos  Pi,  stnp0  cos(X«  -  Xj,))  , 
where  the  ♦  sign  corresponds  to  k  •  p.  the  -  sign  to  k  »  p’.  relative  to  the  points  pfp,.  X^),  p'fPj .  X^)  re¬ 
spectively  as  shown  in  Figure  3.  page  26,  reference  j  18) . 

Note  also  the  solution  in  Appendix  2  following  equations  (47).  with  reference  to  the  distance  s  of 
Figure  34.  Additionally  s  -*  y -coord male  of  the  doubly-equidtstant  protection,  see  the  discussion  following 
equations (36).  Appendix  2. 

Problem.  An  observer  at  the  known  station  0(P«.  X*);h*  meters  above  the  spherical  surface  (asnimed  art 
level).  Figure  31 ,  measures  a  linear  distance  D  to  S*  (target  on  a  hill,  island  mountain  peak,  etc.)  at  a 
measured  angle  of  elevation  8,  and  in  measured  or  known  azimuth  a.  If  the  spheroid  af  Q  ts  approximated 
with  a  sphere  of  radius  N0  (the  gran  normal  length  for  P«.  equation  1 1.  Appendix  2)  find  the  rectangular 
space  coordinates  of  $«  referred  to  the  normal  and  tangents  to  the  parallel  and  meridian  at  Q.  the  geographic 


coordinates  of  the  normal  projection  P  of  So  upon  the  sphere,  the  spherical  distance  d  «  PQ  and  the  height 
h  of  S0  above  the  sphere  (sea  level).  We  have  a,  D,  No.  8,  do.  Xo.  ho,  to  find  X,  Y,  Z,  h,  d,  d,  X.  From 
Figure  31,  and  some  trigonometric  identities  we  have  Da  E  D  cos  5,  X  ■  Da  cos  a,  Y-  Da  sin  a,  Z» 
ho  ♦  D  sin 6, tan r  *Dj/(N0  * Z), d  * N0r  (radians), h ■  (No  +  Z)  »c  r-N0,  h  ■  Da  esc  r-N0,  rind  * 
cos  d  sin  #o  ♦  sind  cos  ♦o  cos  a,  cot  AX*  (cos  do  cos  d  -  sin  do  **«  d  cos  a)/sin  d  sina.X  *  Xo  -  AX. 

These  problems  illustrate  the  use  of  the  geodetic  line  computing  forms,  and  the  formulae  of  Appendix 
2,  for  solving  local  problems  of  computation  for  a  station  configuration.  For  very  long  base  lines,  it  may 
be  desirable  to  compute  the  positions  of  the  stations  along  them  very  accurately,  but  in  the  vicinity  of  a 
particular  station,  a  spherical  approximation  or  plane  coordinate  configuration  may  suffice.  Additional 
formulae  such  as  for  dip;  maximum  separation,  chord-arc;  geographic  coordinates  of  point  of  maximum 
separation, etc.  will  be  found  in  reference  (18).  Other  coordinate  problems  are  discussed  in  Appendix  2. 
For  uniform  high  accuracy  over  a  considerable  extent  of  the  spheroid,  a  plane  rectangular  coordinate  sys¬ 
tem  based  on  one  of  the  autogonal  projections  as  used  for  geodesy  may  be  more  appropriate,  see  refer¬ 
ences  (9J,  1 16),  (36). 
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APPENDIX  I.  MATHEMATICAL  DISCUSSION  OF  THE 
SPHEROIDAL  GEODESIC 
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MATHEMATICAL  DISCUSSION  OF  THE  SPHEROIDAL  GEODESIC 


In  Figure  10,  a  is  the  angle  which  the  differential  arc  length,  ds,  makes  with  the  meridian  at  Pj .  The 
radius  of  the  parallel  in  parametric  latitude  6  is  a-cos  6.  Then  a-cos  6  d\  is  the  differential  arc  length  along 
the  parallel  in  latitude  0 .  Now  the  element  of  arc  length  along  the  meridi' is  defined  a*s  Rd$  where  R  is 
the  radius  of  curvature  in  the  meridian  given  by  R  =  a(l  -  eJ  )/(l  -  e2  sin1  0)'VJ ,  see  reference  [16) ,  page 
59.  The  transformation  between  geodetic  and  parametric  latitude  is  tan  <p  -  tan  6/(1  -  t2)m , 


N 


From  the  differential  right  triangle  PPi  Pj  we  have  ds2  *  a2  cos2  0  dX2  +  r2d02  J 

where  r2  ■  a2(l  -  e2  cos2  0). 

Figure  10.  Differential  arc  length  on  the  oblate  spheroid  as  obtained  from  a  differential  right  triangle. 
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whence 


and 


or 


1/(1  -e2  sin2  0) 


2/2 


(1  -e2  cos2  0) 


2/2 


(!-e2) 


2\m 


-,d*  =  (l-e2)I/2d0/(l-e2  cos2  0), 


Rd^  =  a(l  -e2)d0/(l  -e2  sin2  0)3'2 


a(l  -e2Xl  -e2  cos2  0)3/J  (l-e2),/2d0 


(1  -e2)^2  ( 1  —  e2  cos2  0) 

Rd$  =  rd0,  where  r  =  a(l  -e2  cos2  0)I/2  =  R(1  —  e2)1/2/(l  -e2  cos2  0). 


NOTE  that  r  is  not  the  radius  of  curvature  in  the  spheroidal  meridian,  but  rdO  is  the  differential  arc  length 
abng  the  meridian  in  terms  of  parametric  latitude  and  applying  the  pythagorean  theorem  to  the  right 
differential  triangle  PiP  P2  we  have  at  once  the  formula  for  the  general  differential  arc  length  on  the 
spheroid  in  terms  of  parametric  latitude: 

ds2  =a2[(l  -e2  cos2  0)d02  +cos2  0dX2].  (1) 


Differential  equation  from  Euler’s  Condition 
We  nay  write  (1)  as 
s  =  /Hd0 

where  H  =  a[l  - e2  cos2  0  +  cos2 9 X' 2  ] 1/2 ,  X'  =  dX/d0. 

Now  along  geodesics,  the  Euler  equation  d(3H/3X')/d0  -  3H/3X  =  0  must  be  satisfied. 
Since  3H/3X  =  0,  the  equation  is  d(3H/3X')/d0  =  0,  a  first  integral  being  then 
3H/3X'  =  c  (constant). 

From  (2)  3H/3X'  =  (aX'  cos2  0)/H  and  this  value  placed  in  (3)  gives 
aX'  cos2  0  =  cH  =  ac[l  -  e2  cos2  0  +  cos2  0X'2 ) 4/2 
Solving  (4)  for  X'  and  then  placing  X'  =  dX/d0  gives 


(2) 


dX  = 


c  (1  -e2  cos2  0)1'2 


d0. 


(3) 

(4) 

(5) 


cos0  (cos2  0  -c2)1/2 
From  (2),  H  =  ds/d0  and  this  value  place  in  (4)  gives 

a  cos2  0  dX/ds  =  c,  or  a2  cos2  0dX/ds  =  ac.  (6) 

From  the  differential  right  triangle  P  Pj  P2  of  Figure  10 

cos  (90°  -  a)  =  a  cos  0dX/ds  =  sin  a.  (7) 

The  value  from  (7)  placed  in  (6)  gives 

cos  0  sin  a  -  c,  or  a  cos  0  sin  a  =  ac.  (8) 

Since  a  cos  0  is  the  radius  of  the  parallel  in  latitude  0  and  a  is  the  angle  which  the  geodesic  makes 
with  the  meridian  as  shown  in  Figure  10,  equation  (8)  states  that  the  product  of  the  radius  of  the  parallel 
and  the  sine  of  the  azimuth,  a,  is  a  constant  along  the  geodesic. 

Now  the  geodesic  will  be  orthogonal  to  a  meridian  when  a  =  90°,  and  using  this  value  in  (8)  we  have 
c  cos  0O,  where  0O  is  the  parametric  latitude  of  the  vertex  of  the  geodesic.  With  this  value  of  c,  equation 
(S)  becomes 


cos  0O  (1 -e2  cos2  0)1/2 

dX» -  — : - ; - rjr  d0, 

cos  0  (cos2  0  -  cos2  ©o)^2 

where  always 

co$0  sin  a*  cos 0O. 


(9) 


(10) 
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With  the  differential  equation  to  the  geodesics  in  this  form,  equation  (9),  we  can  make  several  observa¬ 
tions  concerning  the  behavior  of  the  geodesic,  The  substitution  of  ±6  does  not  alter  the  coefficient  of  d 0, 
since  cos  ±  0  *  cos  0  and  therefore  the  curve  is  symmetric  about  the  equatorial  plane.  When  0  *  ±  60, 
dd  =  0,  which  means  that  the  geodesic  Is  tangent  to  the  parallels  6  =  ±  0O  and  hence  undulates  alternately 
between  tangencies  to  them. 

From  (10),  with  0  =  0,  we  have  sin  a0  =cos0o-  That  is  at  a  node  (a  point  where  the  geodesic  crosses 
the  equator)  the  sine  of  the  angle  which  the  geodesic  makes  with  the  meridian  is  equal  to  the  cosine  of  the 
parametric  latitude  of  the  vertex,  or  31 90-  60.  (11) 

For  reference  in  the  developments  to  follow  we  include  here  a  short  resume  of  elliptic  integrals  and 
functions  to  be  used,  [26] . 

CLASS 

1 

2  (12) 

3 

CLASS 

\t 

1  (12)a  ’ 

\ 

2 

Elliptic  Functions 

In  the  elliptic  integral  of  the  first  class,  o  is  called  the  amplitude  of  S  ■  F(k,  o)  and  k<  1  is  the  * 

modulus,  sin  o,  cos  o,  iso  are  called  the  sine,  cosine,  delta  of  the  amplitude  ofS  and  we  have  the  following: 

Definitions  (Jacobi) 

a  »  amS,  sin  a  *  snS,  cos  a  *  cnS,  tan  a  ■  tnS, 

Ao»(l -k2  sin2  o),/2  «dnS.  (13) 

Identities 

sn2  S  +  cn2S  ■  dn2  S  +  k2  sn2S  ■  1 ,  tnS  ■  snS/cnS, 

dn2S  -  k2 cn2S  ■  k'2  «  1  -  k2 ,  k  <  1  (k2  ■  c,c'  -  1  -  c  =*  k'2)  (1 3)a 

sn(S’  ±  S)  ■  (snS’cnSdnS  t  cnS'snSdnS')/(  1  -  k2  sn2  S'sn2  S), 


Elliptic  Integrals  (Legendre  Forms) 

C°  do  C°  do 

S  =  F(k,  o)  =  I  - : — : — -  =  I  — ,k< 

Jo  (1  -k2  sin2  o)1/2  Jo  Ao 


E(k 


Jro  ro 

ft  _  1 rl  Mn ^ 

n 


(1  -k2  sin2  o)vtdoa  f  Aodo 
'o  Jo 


r  d°  r 

f!(n,  k,  o)  +  n  ^2  0^1  ^2  jjjj2  gyn  }0 

Complete  Elliptic  Integrals 

f*/2  do  C*'2  do 

K  =  F(k,  rr/2) a  ~——=  I  - 

Jo  (1  -k'  sin  o)  Jo  A o 

r*/2  r*/2 

E  =  E(k,  rr/2)  =  (1  -  k2  sin2  o),/2  do  = 

Jn 


0  do 
o  6oAo 


Aodo 
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E(k,0i)±E(k,0j)  =  E(k,0i  ±o2)±k2  sno2  sno2  sn (o,  ±o2) 
cn(S  +  S')  =  (cnS'  cnS  -  snS'  dnS'  snSdnS)/(l  -  csn2  S'sn2S) 

E(x,  +  2K,  k)  =  E(x,  ,k)+  2E,E  -  c'K  -  2cc'dK/dc 

f*1 

E(xllk)-c'x,  =c  I  cn2xdx 
Jo 

Special  Values: 

S  *  0,  am(0)  *  0,  cn(0)  *  dn(0)  =  1,  sn(0)  =  tn(0)  =  0; 
forS-K;  snK- 1, cnK» 0, dnK * k' *(1 -k1)^ ; 
for  S  *  2K;  sn2K  “  sn(0) »  0,  cn(2K)  =  -cn(0)  =  -1 ,  dn(2K)  =  dn(0)  =  1 ; 
cn(S  +  2K)  *  -cnS. 

Differentials: 

d  amS  *  do  *  (1  -  k2  sin2  o)vl  dS  *  dnS  dS 
d  snS  ■  cos  o  d  o  *  cnS  dnS  dS 
d  cnS  =  -sin  ado-  -snS  dnS  dS 
d  dnS  *  dAo  a  -k2  sin  ocoso  (1  -k2  sin2  o)* 1/2  do  (13)c 

=  -k2  snS  cnS  (dnS)*1  dnS  dS 
ddnS  =  -k2snS  cnS  dS 
d  tnS  *  sec2o  do  *  do/cos2  a  ■  dnS  dS/cn2S 

Note  that  the  elliptic  functions  as  determined  by  ( 1 3)  have  an  analogy  with  trigonometric  functions 
but  Sis  not  an  angle  as  is  dear  from  its  integral  definition,  ( 1 2).  Like  trigonometric  functions  they  have  a 
real  period  and  like  exponential  functions  have  a  pure  imaginary  period  and  are  thus  doubly  periodic. 

If  we  define  K'  *  F(k',  ir/2)  where  k'  *  ( 1  -  k2  ),/2 ,  that  is  K'  is  the  complete  integral  K  of  ( 1 2)a 
with  the  modukis  k  replaced  by  k'  then  the  periods  of  the  elliptic  functions  snS,  cnS,  dnS  are: 


Periods 

snS 

4K,  2iK' 

cnS 

4K,  2k  ♦  2iK' 

(14) 

dnS 

2K,4iK' 

where  i-V^K- F(k, w/2), K’ - F(k', w/2), k'  - ( 1  - k2 )‘/2 , k <  1 . 

Expreaton  of  longitude  and  ate  length  in  elliptic  kategrals. 

If  we  let  cos  o  ■  cnS  ■  sin  9/sin  90  we  have  then: 

1  -e*  cos*  9*»(1  -e2  cos2  90K1  -k2  sin2  a) ■  (1  -e2  cos2  90)  Ac2 
cos2  9  -  cos2  90  « sin2  90  sin2  o 

d92  ■  sin2  90  sin2  o  do2/cos2  9 

cos2  9-  1  -  sin2  9*  1  -sin2  90 cos1  o*coi2  90(1  ♦  nsin2o)»6o  cos2  90 
cos2  0"csc290  sin2  9"csc290  (l -cos2  9)  (15) 

■  csc290  -  cot290  (1  +  n  sin2  a)  ■  csc290  -  6o  cot290 
sin2  o"  1  -cos2  o*-cot290  +cot;90(l+nsin2  o)*-cot290  (1  -6o) 
k2  ■  e2  sin2  90/(l  -e2  cos2  90),  n  -  tan290. 


(I3)a 


(13)b 
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Eliminating  dX  between  equations  (1)  and  (9)  we  have 
a(l  -e2  cos1  d),/2  cos  6 

di «  --  id 

(cos2  0  -  co*1  0o)vl 

Applying  the  transformation  equations  (1 5)  to  ( 16)  and  (9)  we  get 


easindo  f° .  . ,  .  ,  ,  easing  f°  .  , 

S  * - -  I  (1  -k2  sin1  o)vl  do* -  Aodo, 

k  Jo  k  *o 

e  tan d0  f°(l  -k2  sin2  o)vi  etand0  f°Ao  ... 

AX*— ^  v— - - do*-— —  —do.  (H 

k  Jo  1  +  n  sin2  a  k  Jo  6a 

In  the  second  of  ( 1 7),  multiply  numerator  and  denominator  of  the  integrand  by  ( 1  -  k*  sin*  a)vl 

and  in  the  resulting  numerator  replace  sin2  o  with  its  value  from  ( 1 S)  which  then  allows  the  integral  to  be 

written  in  the  form 

AX  =  (e  tand0/k)  jo  +  k:  cot2  d0)  -k2  cot2  d0  J — j.  (11 

Now  comparing  the  first  integral  of  (17)  and  the  integrals  of  (18)  with  the  elliptic  integrals  (12)  we 


can  then  write 

^—^EOc.o),  (IS) 

k 

AX»C— n—  1(1  +  k2  cot2  d0)  n(n,k,o)-k2  cot2  d0F(k,  o)J, 
k 

Where  the  modulus  is  k  *  e  sin  d0/(l  -  e2  cos2  do)1'2;  n  -  tan2  d0;  and  th*  amplitude  b 
o~  arc  cos  (tin  0/sin  60)  or  the  spherical  length  from  the  vertex  of  the  geodesic  In  parametric  latitude  d0 
to  a  point  in  parametric  latitude  d  on  the  geodesic  as  shown  In  Figure  11, \  d  |<|d0  I.  That  is,  the  formulae 
(19)  give  longitude  and  distance  along  the  geodesk  measured  from  the  geodesk  vertex  in  terms  of  the 
spherical  dbtance. 

The  elliptic  functions  in  terms  of  the  amplitude  oand  modulus  k;  o  •  arc  cos  (sin  0/sin  0o), 
k*esto d0 /(I  - e2  cos1  09)V1 . 

From  the  definitions  (1 3)  we  have: 

cnS  *  cos  o  ■  sin  d/sin  d« ;  snS  ■  sin  o»  (sin2  d#  -sin2  0)vllun09\ 
tnS  *  tan  o  ■  snS/cnS  •  (sin2  d0  -  sin2  0)vi/dn  d; 

Ao * dnS  * ( 1  -k2  tin2  o)*'2  ■(!  -e2  cos2  d),,2/(l  -e2  cos2  do)M; 

6om  1  +  n*in2  om  1  +nsn2S*  sec1  d#  cos2  d,n  "tan*  de. 

Since  o  ■  arc  cos(sin  d/sin  d0),  we  have  the  correspondences  d  ■  0,  o  ■  e/2;  d  »  d0,  o  ■  0.  From 
(13)c.  (17)  and  (I9)a,  we  may  write  for  the  geodesic,  vertex  to  vertex  or  node  to  node: 


r»/  J 

So  ■  2a(l  -e1  cos2  0o)vl  I  dn2SdS 

2(1  -e2  cos2  d#)V2  dn’SdS 
cosd0  Jo  l+n*n2$ 


1 


Pain  arbitrary  point  on  the  geode  ac,  P0  is  the  geodesic 
vertex,  end  a  is  the  amplitude  of  the  elliptic  functions,  in  the 
right  spherical  triangle  P®PN  as  ihcwn  we  have 

ria0®  *  ttoflo  eoso,  o»  art  cos  (sin  0/sin  $o)>  cost}" 

tan  0/tan  0o.  f}  "arc  cos  (ton0/tan0o),  tan  o-  cos0o  tanti 
l)*  arc  tan  (sec  0o  tan  0). 

Figm  II.  The  anphOtde  at  oMptic  fractions  expraasad  as 
spherical  Matann  boa  the  gsodaric  vertex  to  an  arbtoaty 
pain  t  oa  the  geodetic. 


When  0  ■  0O  *  0,  we  have  from  (I9)a  that  1  ♦  n*n,S«dnS«  l.and  from(l9)b, 


AXo  *  2(1  -e*)w  ds**(l  -e1)*/1 


1  B-b/n, 


So  ■  e»(l  -  el)w  ■  wb;  where  a,  b  tie  the  semimajor,  aemiminor  axes  of  the  spheroid.  This  shows  ttwt  an 
me  of  the  equator  of  length  eb  be  limiting  position  of  qthtroidel  geodesic:  end  that  then  tn  no  anti¬ 
podal  pointson  nonphnm  spheroidal  geodeaks. 

Since  the  vertex,  0®,  may  be  negative  and  internal  or  external  to  a  segment  S, of  the  geodesic,  all 
alternatives  are  included  from  the  first  of  (19)  by  writing 


S,.,  •  —|ain0®(E(k,e,)±E(k1e,))i, 


(20) 


and  by  use  of  the  addition  formula  for  elliptic  Integrals  of  the  second  class  with  the  same  modulus,  from 
(13)0,  we  may  write  (20)  at 


S| •"|in0o{E(k,O|  *o,)*k*  sin o,  sine,  sbi(ot  to,)}  I 

where  o,  -arccos(sta0|/sin0o),e,  •  arcoos(sin0,/sln0o).k=esin0o/(l  -es  cos*  0,)w. 
Similar  exprentforu  may  be  written  for  the  longitude  difference  from  the  second  of  (1 9). 


(21) 


llsgrntten  of  dMfemnttel  eqmbom 

Since  many  tables  of  the  elliptic  integrals  exist  it  would  appear  that  evaluation  of  expremons  like 
(21)  would  be  simple.  But  (21)  is  fat  terms  of  0®.  the  parametric  latitude  of  the  vertex  of  the  geodesic,  and 
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not  obtainable  directly  from  the  geographic  coordinates  of  two  given  points  on  the  nonplanar  geodesic. 
Interpolation  in  the  tables  is  not  easy.  Since  the  eccentricity  and  flattening  of  oblate  spheroids,  as  used 
for  the  earth  representation,  are  small,  series  expansions  in  them  converge  rapidly  and  numerical  evalua¬ 
tion  is  then  relatively  simple.  Now  the  elliptic  integrals  themselves  can  be  expanded  in  series  of  e  or  f 
since  the  modulus  k  is  a  function  of  e-see  equations  (19)-but  we  will  first  expand  the  differential  equa¬ 
tions  (9)  and  (16)  in  powers  of  e  and  of  f  and  integrate  term  by  term.  The  eccentricity,  e,  and  flattening, 
f,  are  connected  by  the  relation  1  —  f  *  (1  -e*)*7* ,  or  ea  »  2f  —  f*. 

From  (9)  and  (16)  we  write  again  for  reference 

cos  0O  (1 -e1cos10)‘'1  d0 

dX  a  .  . . . - . . 

COS0  (cos1  0  -  COS1  0o)*/1 

a  cos1  0  a  cos  0(  1  -  e1  cos1  0)V1  d0  ^ 

df  «  — - dX  *  - - .  — - - 

cos  0O  (cos1  0  -  COS1  do)171 

The  expansion  by  the  binomial  formula  of  (I  -e1  cos1  0)Vi  to  sixth  order  in  e  is 

(1  -e1  cos1  6)m  -  I  —  ( l/2)e*  cos1  0  -(l/8)e4  cos4  0 -(l/16)e4  cos4  0-. . .  (2: 

If  we  place  e1  *  2f-  f1,  e4  <*  4f*  -4f3,  e4  ■  8fJ,  then 

(1  -eJcos3  0)1'1  =  1  -fco?1  0+(f1/2Xcos1  0-cos4  0)  ♦  (f 1  /2Xcos4  0  -  cos4  0)+ . . .  (2< 

Substituting  from  (23)  and  (24),  in  (22)  we  find 

AA-I,  -(eJ/2)cos0o  lj  -(e4/8)coa0o  Ij  -(e4/16)cos0o  I«  -. . 

■  I,  -  f  cos  0O  I,  ♦  (f*/2)  cot  0O  (I,  - 1,)  ♦  (fJ /2XI,  - 1«)  cot  0O  ♦  . . 

S  *a(Iji  —  (ea/2)ls  -(e4/8)l4  -(e4/16Xs  -  . .  1  (  ' 

■  *[Ir  -  A  s 4  0* /2Xh  -  It) 4  (fJ/2XI«  -!,)♦..) 


f  cos  0O  d0 

li  . i -  - - - — 

J  00*0  (cos1  0-cos1 


f— )' 

\tan  0O/ 


:  ■  arc  in 


{—)•>■ 

tiin  »,/ 


J  cos0  (cos*  0  -cos1  do)1  J  (t  tan’d^*31  \tan 

\  tan1  B0  ) 

(~)d0 

f  cos0  d0  f  \m  0o/  /  sind  \ 

'*  "J  ’  J 

V1 ’*»•./ 

_f  cos1  0  d0  f(l -sin1 0)co*0  dd  f(l-x1)dx 

*  "J  cos1  0  -  sos1  do)*71  *J  (sin1  0,  -  sin*  d}wl  *  J  (c1  -  x1)1'1 

I  -f  _  /"(l  -«ifl18)1  cotddd  <*(1  -x1)1  dx 

J  (cos1  0-cos1  do)171  J  (an1  0*  -  tin1  0)171  J  (c1 -x1)1'1 
l  -f  co*1  f(l -si^d)1  cosddd^  f(| -x1)1dx 

*  J  (cos1  0  -  cos1  0O  )w  J  (tin1  0#  -  sin1  d)M  J  (c1  -  x1)1'1 


\tan  0o/ 


and  where  x  •  tin  0,  c  ■  rin  do  • 


We  let  x  *  c  sin  0  in  the  three  last  integrals  of  (27),  whence  dx  ■  c  cos  d  dd,  (c1  -  x2)"'2  *  c  cos  d  and 
the  integrals  may  be  written 

Is  -  /(I  -c1  sin2  m,U  -/(!  -cJ  sin1  fl’d&I,  -/(l  -c2  sinJ  d)Jdd  (28) 

where  c  » sin  d0  and  d  is  the  integral  1  j  of  (26)t 
Now  sin1  d  -(1/2X1-  cos  2d) 

sin4  0“(  l/8)(3 -4  cos  20  + cot  40) 

sin4  (J« (1/32X10 -15  cos  20  +  6 cos 40- cos 60)  (29) 

By  expanding  the  integrands  in  equations  (28)  and  using  the  identities  (29)  we  are  able  to  integrate 
term  by  term  and  we  find  that  the  integrals  (28)  are 

Ij  *(l/d)(2(l  +  cos2  d0)d  +  sin1  d0  sin  2d], 

I«  «(l/32)[4(8  cos2  0O  *  3  **n4  0o)fi*  8  sin2  d0(l  +  cos2  d0)sin  2d  +  sin4  d0  sin  40), 

I,  «  (1/192)  Tl2(l  +  cos2  d0X8  cos2  d0  +  5  sin4  d0)d 

+  9(16  cos2  d<>  +  5  sin4  d0)  tin2  do  sin  2d  (30) 

+  9(1  +  cos2  do)  sin4  d0  sin  40  + sin*  d0  sin  6d  , 
where  /  sin  d  \ 


d  *  Ij  *  arc  sin 


I  sind  \ 
\  sin  d0J 


Foramke  referred  to  a  node 

If  we  place  the  values  of  the  integrals  Ii.Ij.Ij,  I4,IS  from  (26)  and  (30)  in  (25)  we  may  write  in 
terms  of  e 

e2  e4 

&kmy~  —  cosdod-~cosd0(2(!  +cos2  do)0  +  sin2  do  sin  2d] 
e*  r 

- cos  d0  1 4(8  cos2  do +  3  sin4  d0)d  ♦  3  sin2  d0(l  ♦  cos2  d0)  'in  2dl 

L  ♦  sin4  d0  sin  4d  J , 

S/a  »0- ~  [2(1  +  cos2  d0)d+  sin2  d0  sin  2d]  i 

O 

.  -1-  f<4(8  cos2  do  ♦  3  sin4  d0)d  ♦  8  sin2  dc(  1  ♦  cos2  d0)  sin  2d] 

*•  ♦  sin4  do  tin  4d  J 

-  S —  Pi  2(1  4  cos2  doX®  cos2  do  ♦  5  sin4  d4)d  1 


♦  9(16  cos2  d«  ♦  5  sin4  d0)  sin2  d4  sin  20 

♦  9(1  +  cos2  d0)  tin4  d0  sin  40  + sin*  dQ  sin  60  , 


and  in  terms  of  f 


A\“7-fcosdod4,rcoido  sin2  dt(20-sin  2d) 

O 


♦  —  cos  do  sin2  do(4()  ♦  3  cos2  dv)d-8  cos2  ds  sin  2d -sin2  d0  tin  4d], 
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S/a  *  0  -  (f/4)(2(l  +  cos*  0o)0  +  sin1  90  sin  20) 

f1 

+  —  sin1  $oM(l  +  3  co*1  0O)0- 8  co*1  0osn  20-  tin1  0O  sin  401 

12(1  +  2  co*1  0O  +  5  cos4  0O)0 
-3(1  +  3  cos1  0OX$  cos1  d0  -  1)  sin  20 
-3(1  +3  cos3  0O )  sin1  0O  sin  40  -  sin4  0,  sin  60 
tan  0  tin  0 

Where  7  *  arc  sin  -  ,  0  *  arc  sin  — —  . 

tan  0O  sin  0O 

Lbnitiiig  cases  of  integral  aquation* 

We  first  make  some  preliminary  evaluations  of  equations  (32).  First  we  frnd  the  values  of  AA,  S 
between  0  *  0, 0  •  0O  ot  from  a  node  to  the  first  vertex.  For  0  *  0, 0  *  y  *  are  sin  0  *  0.  For  6  •  0O. 

0  *  7  *  arc  sin  1  *  e/2,  and  from  (32)  we  have  (doubling  the  result) 

AAo  *  e(l  -  f cos0o  +  (F*/4)  co* 0O  sin1  0o  +  (f1/16)cos0e  tin1  0o(l  +  3  co*1  0o)l. 

S0  -  s*[l  -(f/2Xl  +  cos1  0o)  +  (f*/16)  sin1  0O  0  +  3  cos1  0O)  (33) 

♦  (f*/32)  sin1  0e  ( 1  +  2  cos1  0O  +  5  co*4  0O)1 . 

which  will  subsequently  be  shown  to  give  all  hemnpheroidal  geodesics,  vertex  to  vertex  or  node  to  node; 
compare  ( 19)b. 

The  expressions  (33)  are  even  functions  of  0O,  f(-0oJ  *  f(0o).  which  would  be  expected  from  the 
discussion  of  symmetry  following  equation  (10).  Therefore,  the  expressions  (33)  give  longitude  mnd  dis¬ 
tance  between  successive  vertices  and  also  between  successive  nodes 

From  the  first  of  equations  (33)  we  have  e  -  AX«  *  ef  00s  0O  *  (I  -  (f/4)  sin1  0O 
-{f3/16>  sin3  0O(1  ♦  3  co*1  0O)| ,  which  stows  again  that  except  far  the  meridian  /0„  «  e/2),  two 
consecutive  vertices  of  the  geodesk  on  the  oblate  spheroid  cannot  be  antipodal  (end  points  of  a 
diameter). 

From  equations  (32)  and  (33)  we  ha»e  with 

0O  *0:  AAo  "a^l  -0**f(l  -e1)171  ■  eb/a 

So  •**(!  -0"  wb-aAAo  ;  (34> 

«o  ■  *r/2:  AX,/]  *  *, 

S,/a  ■  te(l  -f/2  +  f*/16  +  f*/32  +  . . ) . 

If  we  take  the  derivative  of  So  with  respect  to  0e  and  place  equal  to  aero  we  obtain 
sin  0o  cot  0o  { I S  f1  co*4  0o  ♦  61(2  -f)  ws*  0O  ♦  16-4f-f*J  *0. 

The  discriminant  of  the  quadratic  factor  in  oos1  0*  is  <8f3  (2^  I  +0-17}  <0,  since  f<  i, hence 
the  only  real  value*  are  given  by  sin  0#  •  0,  cos  0(  *  0,  or  by  0S  *  0, 0«  «  e/2,  equations  (34)  ere  actuary 
the  upper  and  lower  Omit*  to  kmUsphtnMal geodetic  length  (vertex  to  next  vertex  or  node  to  next  node.) 
Along  the  equator,  only  the  arc  eb  satisfies  the  fundamental  definition  of  the  geodesic,  is.  the  longest 
hetnhg .« erotdal geodesk  It  the  mmlmtridia\  the  shortest  Is  the  sphertetlm  eh.  The  vetoes  of  S#.  AX* 
from  (33)  satisfy  the  inequalities 

as(!  -  f/2  ♦  f*/16  ♦  f*/32)  >S,  >#b;e>  AX*  >*b/a  (35) 
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If  derivative*  of  the  second  and  third  order  term  in  equation*  (33)  are  placed  equal  to  zero,  we  find  that 
for  the  Clarke  1866  ellipsoid: 

6X«:  occur*  at  0O  *  54°  44'  08!  197 

AXo(fJXmax)  occur*  at  04  »  43®  28'  31* 

S0:  Soff’Xm**)  occur* at  5C  -  54°  44'  0f»"l97 

S«(fJXmax)  occur*  at  0«  *  26'  31" 

With  the  values  of  0a  from  (36)  placed  Ln  1 33)  we  fmd  the  maximcm  contribution  of  second  and 
third  order  terms  over  the  Clarke  1 366  hemisphere  id 

AX^ffXmax.)  *  3474.2  X  10"’  radianr  *  3.5  seconds 
dXcff’Xmax.)  «  6.8  X  1C*  radiaru  *  .001 2  second* 

S0(f*Xra>»-)"  19.190  meters 
Sof^Xiuax.)  *  .0-40  meters 

Focrmatee  referred  to  a  vertex 

Now  equations  (3 1 )  and  (32)  *re  referred  to  a  node,  (equator  crossing)  of  the  geodesic. 

If  see  substract,  respectively,  the  equations  for  longitude  and  distance  in  (32)  front  those  ot  (33), 
than  place  y  •  (ar/2)  -  q,  a  *  (a/2)  -0  we  have: 

AAsq-fcos0fto  +  (f,/8)cos0o  «n3  60(2o  +  tin  2o) 

+  (f,/64)co*0«  an*  0#(4(l  *  3co*J  S0)o  *  8  cos1  0O  sin  2c  -  xn*  0r  sin  4u] , 


(36) 


(37) 


-  *o-(f/4){2(l  *  cos1  0#)e-sin3  *®  2oJ 

a 

♦  (f*/64)  an 3  0*(4(1  ♦  3  co*}  0,)o  ♦  8  cos*  0«  sin  2«  -  sai;  4C  sn  4e| 

♦  (f*/384)  sin*  0* 


(38) 


12/1  +  2  cos*  0*  +  5  co*4  f*)c 
♦  3(1  +3  cos’  0©X5  cos*  •«  -  ’)  sin3  a 
-  3(  I  ♦  3  «o*;  B9)  *»3  09  sin  +  an4  8t  en  6o 
where  now  a  »  arc  cos  (hi  0/ur.  0*),  n  •  arc  co*  (tan  0/tan  09).  md  tkt  fonmkht  (iSlftrt  k-xginui*  *mt 
dtarswr  6o m  tki>  voter  of  tkegtodak  to  0  potot  on  tktf'-  4nk  m  pumnttric  Mrttdt  9,  where 
1 0 !  <  10*  - . 

Note  that  q  and  c  are  spherical  longitude  and  spherical  distance  from  the  geodesic  vertex,  sec  figure 
1 1.  To  thou  that  AX  and  S  oi  aquations  (38)  tr*  in  fact  the  expwscta  of  equatioa*  (19),  we  write  from 
the  fist  of  (I7)  using  die  binomial  formula. 

.  m  tin  0V  f 


J^'(I  « k*  dn*  o)fcr*  do 

— ~  J  [l  -<*X2)k*  in*  r»-(l/81k4  trn*  a  -(i/loik*  tan*  o  . .  .)d«] 


rp 


(I/2)ekiin0«sin>o-(l/31ek>  iw$*  tin4 o-fl/ldNk*  sb»0*i*r>*  e 


(39) 


do 


From (I S),  k  -  c  rift  IpH !  - «*  con*  0.)M ,  and 

(r/k)aa0|  »(l  -e‘  co**  0,)*'*  *  1  -Ott**  ****  #*-(l/8)e4  cm4  0,  -(l/16)e* cos*  0, 
ek  tin  •  «e*  rin*  0*fl  ♦  (f/2>»*  oaa*  0*  ♦  <3* cos4  0»j  (40) 
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ek3  sinflo  ae4  sin4  ( 1  +(3/2)e1  cos3  801 
ek‘  an80  *e*  an*  80- 
New  from  (29),  with  0  replaced  by  a,  we  have 

/  jut1  cdo* /(1/2X1  -co*  2o)do*(l/4X2o-*in  2o) 

/  sin4  a  do  c  /( 1/8X3  -  4  co*  2c  ♦  co*  4c)  do  ■  (l/8)(3 a  -  2  tin  2o  ♦  (1/4)  sin  4o]  (41) 

f  sin*  ado  m  /(1/32X10  -  15  co*  2o  +  6  cos  4o  -  cos  6o)do 

*  (l/32)(10o  -  (15/2)  tin  2o  +  (3/2)  tin  4o  -(1/6)  tin  6o] 

With  the  value*  from  (40)  and  (41 )  we  may  evaluate  (39)  and  we  have  then 
S/a  *  (1  -(l/2)e3  co*3  80-(l/8)e4  co*4  50 -(I/16)e‘ co**  80lo 

-(1  /8)ea  sin1  80(l  +  0/2)e3  co*3  80  -H3/8)e4  co*4  80l(2o- tin  2o)  (42) 

—  (l/64)e4  tin4  89(1  +  (3/2)e3  co*3  80!  ,3o-  2  an  2o  +  (1/4)  sin  4oj 
— (i/51 2)e*  sm*  8o(10o  -(15/2)  ah  2o  +  (3/2)  tin  4o  -(1/6)  sin  6cr] 

Collecting  the  coefficients  of  the  terms  in  like  powers  of  e,  letting  e1  ■  2f  -  f3 ,  e4  *  4f3  -  4f3, 
e*  *  8f3,  and  using  some  elementary  trigonometric  identities  in  the  coefficients  of  the  powers  of  f,  we  fmd 
that  equation  (42)  becomes  exactly  the  second  of  equations  (38). 

Similarly  from  the  second  of  equations  (1 7)  we  have: 

eland®  (1 -k3  sin3  0)173  do  etan80 
4*  =  -—-  "  ~  ~ J °Ii-(l/2)ekun80l} 

k  *0  1  +  n  tin  o  k 


f°  do 

li  *  - r 

J o  I  ♦  n  nn 


-fl/8)ek3  tan80l]  -(1/16X8*  tan  <20I« 


■  cos  arc  tan  (sec  8„  tan  o)*  cosd0  9.(*«  Figure  1 1) 


f°  sin3  a  do 

1,  .  I  - - ——*cor3  d^o-i,) 

-'o  1  ♦  n  sin  o 


f  0  sin4  o  do 

lj  *  - r 

1  ♦  n  s* 


■-  vot*  89{vi /2Xtan3  8*  -  2)o-<!/4)  tan3  80  sin  2o+  1)  j 


f 0  sin*  o  do 

j - ~ — »cof  0/8X3  tan' ^*\,-4tan38o*8)o-l»  ! 

-fo  1  ♦  «  tin*  «  ,  .  .  „  „  ; 

.vQ/dJjar’3  Sot  I  -  tan3  8c)s»n  2oHl/32)un  80  s*n4o  j 

Now  k  *  t  -m  $o!i I  -  «'  cos3  d*)1’3 ,  *  tan  80/k  »  nrc  M  l  -  e*  cos3  d*)*73  and  expanding  by  the  binomial 

formula  to  sixth  order  terms  in  e  we  have 


?  tin  8* 


•  0/2X5  cos #0  -t  i/8>5*  we*  3#  -0/16X*  cos*  8*1 

-(i/2Xk  tan  8,  «-(*1/2)*»n«#  land.  {1  ♦U/2X3  cos1 8,  *(3/8X*  cot4  ?,  J  (45) 
-d/8Xk*  tin  8,  -  -{1/8X*  tin3  8e  tan  8,  {>  ♦  (3/2X1  coa3  8,} 

- ( */  16>ekL*  land,  =  -(l/?6X*  an*  8,  tan  8* 
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Placing  the  values  from  (44)  and  (45)  in  (43),  collecting  like  terms  and  employing  some  trigonometric 
identities  we  have 

e2  e4 

AX  =  t?-—  cos0o  o-— cos^o  (2(1  +  cos2  0u)o-sin2  0O  sin  2a] 


e6 

- cos  0O  4(8  cos2  0O  +  3  sih  d0)o 

512 

L-8  sin2  0o  (1  +  cos2  0o)sin  2o  +  sin4  0O  sin  4o. 


Placing  e2  =  2f  -  f2 ,  e4  =  4f2  -  4f3 ,  e6  =  8f3  in  (46)  find 


AX  =  tj  -  f  cos  0oa  +  —  cos  0O  sin2  0O  (2o  +  sin  2o) 
8 


+  —  cos0o  sin2  0O  [4(1  +3  cos2  0o)o  +  8cos2  0O  sin  2o- sin2  0O  sin  4<rj 

64 

which  is  exactly  the  first  of  equations  (38). 

Collecting  like  terms  in  (3  and  o,  equations  (32)  and  (38)  may  be  written  with  longitude  and  arc  length 
measured  from  the  geodesic  node; 

AX  =  y  -  A/3  -  B  sin  20  -  C  sin  40,  y  =  arc  sin  (tan  0/ tan  0O), 

(4?) 

S/a  *  D/3  -  E  sin  20  -  F  sin  40  -  G  sin  60,  (3  =  arc  sin  (sin  0/sin  0O), 
longitude  and  arc  length  measured  from  the  geodesic  vertex; 

AX  =  tj  -  Ao  +  B  sin  7a  -  C  sin  4o,  17  =  arc  cos  (tan  0/tan  0O) 
li/a  =  Do  +  E  sin  2c  -  F  sin  4o  +  G  sin  60,  a  =  arc  cos  (sin  0/sin  0O) 
and  where  in  bo’h  cases  with  Cj  =  f  cos0O)c2  =(l/4)f  sin2  0o,Cj  =  1  +  c,  cos0o,  c4  =  c2  +  c3,  we  have 
A  =  C|  (1  -c2c4),  B  =  (l/2)ciC2C3,C  =  (l/4)c,cI2, 

D  =  2  ■*  c;(c42  +  c2J)-(l  +c2)c4-c2,E  =  (1/2)c2  (2  +  c3(c3  -1)-c22],  (49) 

F  =  (1/4)c22  (2c4  -  l), G  =  ( 1 /6)c2 3 , 
and  Cj ,  c2 ,  c3  satisfy  c, 2  «  4c2(c„  -  1)  +  c3(2  -  c3)  =  1 . 


Formulae  for  longitude  and  arc  length  between  two  arbitrary  points  on  the  hemispheroidsi  geodesic 

From  (48),  for  a  geodesic  arc  containing  a  vertex 

AX  =  2rj-A2o  +  Bp-Cq  £17  =  fjj  + 1?2,  £0  =  Oj  +  o2,  Ao  =  o2  -  0| , 

S/a  *  D2c  +  Ep  -  Fq  - Gr  p  =  2  sin  2<JcosAo,q=2sin  22ocos2Ao,  (50) 

r  =  2  sin  32ocos3Ao,  tj,  =  arc  cos  (tan  0 i/tan  0O),  0|  =  arc  cos  (sin  0j/sin  0O) 

Also  from  ( 48)  for  a  geodesic  arc  containing  neither  node  nor  vertex 

AX  -  Ar?  -  AAo  +  Bp  -  Cq  A17  =  jj2  -  ,  Aa  =  a2  -  o> ,  2a  =  0,  +  c2 

S/a  =  DAo  + Ep  -  Fq -Gr  p  =  2cos2asin  Aa,q  =  2sin2Aocos22o  (51) 

r  ==  2  cos  32o  sin  3Ao,  rjj  =  arc  cos  (tan  0j/tan  0O),  Oj  =  arc  cos  (sin  0|/sin  0O) 

From  (47)  for  a  geodesic  arc  containing  a  node 

AX  =  £7  - A20 -  Bp-Cq,  £7  =  7i  +  7j .  2(3  =  0,  +  /32 ,  A/3  =  /J2  - (3, 

S/a  =  D20-Ep-Fl  -Gr,  p  =  2  sin  20 cos  A/3,  q  =  2  sin  22/3 cos  2A/J,  (52) 

;  »  2  sin  32/3  cos  3A/3  7i  =  arcsin(tan0j/tan0o),/3(  =  arcsin(sin0|/sin0o) 
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Also  from  (47)  for  a  geodesic  arc  containing  neither  node  nor  vertex 

AX  =  Ay  -  AA/3  -  Bp  -  Cq  Ay  =  yt  -yitA0  =  fa  -fa,20  =  fa  +  B2, 

S/a-DA/l-Ep-Fq-Gr  p  =  2  cos  £0  sin  A£,  1  =  2  cos  2£/3  sin  2A0  (53) 

r  =  2  cos  3£0  sin  3A0,  7t  =  arcsin(tan0i/tan0o),ft-arcsin(sin0j/sin0o) 

The  constants  A,  B,  C,  D,  E,  F,  G,  of  formulae  (50),  (51),  (52),  (53)  are  given  by  (49).  Since  (51) 
and  (53)  should  give  the  same  results  one  should  transform  into  the  other  if  we  make  the  substitutions  re¬ 
spectively  from  o  +  0  =  ?r/2,  jj  +  y  -  ir/2.  For  instance  in  (53) 

Ay  *  7,  -  7i  =  (*/2)  -  t?i  -  (tr/2)  +  Vi  =  tfi  -  9r  =  Ar,t 

A0=fa  -fa  =  (tr/2) - »i  -(jt/2)  +  o2  =  o2  -o,  =Ao,2(i’=fa  +fa-n-lo. 

These  substitutions  in  AX  and  S/a  of  (53)  give 

AX  =  Arj  -  AAo  +  Bp  -  Cq  p  =  2  cos  £o  sin  Ao,  q  =  2cos  2£o  sin  2A«; 

S/a  =  DAo  +  Ep  -  Fq  -Gr  r  =  2  cos  3£o  sin  3Ao 

Which  are  formulae  (51). 

Now  in  (50)  with  0 1  =  02  =  0,  we  have  £a  =  £77  =  jr,  p  =  q  =  r  =  0.  Analogously  for  (52)  with 
0t  =  02  =  0O  we  have  £7  =  £0  "  it,  p  =  q  =  r  =  0  and  both  therefore  give  for  length  and  longitude  of 
hemispheroidal  geodesics,  node  to  node  or  vertex  to  vertex, 

AX0  =  n(l  -  A),  S0  =  traD.  (54) 

Equations  (54)  are  thus  a  shorter  version  of  equations  ( 33).  Referring  to  equations  (49),  ( 54),  when 
0O  =  jt/2.  c,  =  0,  c2  =  (l/4)f,  c3  =  1 ,  c4  =  1  +  (l/4)f,  A  =  0,  D  =  1  -  f/2  +  (l/16)f2  +  (l/32)f3 ,  and  again  for 
the  semi-meridian  AX  =  sr,S  =  arr(  1  —  f/2  +  (l/16)f2  +(l/32)f3J.  When0o  =  0,ci  =  f,  c2  *  0,  c3  *  c4  =  1  +f, 
A  —  f.  D  —  2— (1  +  Q—  1  — f  and  we  have  again  the  equatorial  limiting  arc  AX  =  tt(1  -  f),  S  =  arr(  1  -  f). 

Throughout  this  discussion  A o  has  been  used  to  represent  two  quantities.  When  dealing  with  elliptic 
integrals  and  functions,  Act  =  (  1  -k2  sin2  a) 1/2 ,  see  equations  ( 1 2).  When  dealing  with  computational 
formulae  for  distance  and  longitude,  Ao  =  ot  -  Oj ,  see  equations  (50),  (51).  The  usage  is  clearly  indicated 
in  each  case,  and  no  ambiguity  occurs. 

We  now  have  equations  to  third  order  in  the  flattening  which  may  be  used  to  check  approximation 
formulae  to  the  geodesic  and  to  check  known  or  published  geodetic  lines.  A  fter  a  discussion  of  the 
spheroidal  triangle  some  of  these  formulae  will  be  used  in  the  derivation  of  the  direct  solution  for  the  long 
geodetic  line.  But  we  next  examine  the  antipodal  zones  and  conjugate  points  with  respect  to  the  nonplanar 
geodesic. 

Antipodal  zones 

The  hemispheroidal  geodesic  is  that  part  included  between  two  consecutive  vertices  or  two  consecu¬ 
tive  nodes  since  no  more  than  two  consecutive  of  either  nodes  or  vertices  can  be  contained  in  the  same 
hemispheroid  (on  the  same  side  of  a  meridian). 

The  antipodal  zones  are  the  two  equal  areas  bounded  by  the  two  symmetric  geodesic  evolutes 
(envelopes)  of  all  oblate  spheroidal  geodesics  which  have  a  vertex  in  a  common  fixed  meridian.  Cayley, 
reference  [25] , 

NOTE:  The  evolute  of  a  given  curve  is  the  curve  tangent  to  all  normals  (perpendiculars)  of  the  given 
curve,  or  the  envelope  of  the  normals.  The  normal  to  the  meridian  ellipse  in  terms  of  parametric  latitude 
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0  (eccentric  angle  of  the  ellipse)  is  F(0)  =  ax/cos  0  -  by /sin  0  -  (a3  -  bJ )  =  0,  where  a,  b  are  semimajor, 
semiminor  axes  of  the  spheroid,  x  and  y  are  rectangular  coordinates  in  the  plane  of  the  meridian,  the 
y-axis  coinciding  with  the  ellipsoidal  polar  axis.  The  evolute  (envelope)  is  obtained  by  eliminating  0  be¬ 
tween  F(0)  =  F'(0)  =  0  where  the  prime  denotes  differentiation  with  respect  to  0.  The  result  is  the  equa¬ 
tion  a*3  x1'3  +  bvi  yvi  =  (a*  -  b1)1 3 ,  its  graph  resembling  the  geodetic  evolutes  as  displayed  in 
Figure  12. 


known  from  equations  (33).  When  P(0q,  e/2)  0(0,  e/2),  then  6q  ■*  0,  and  Q  ■+  N  -*■  D, 

Q’-^n'-vd’;  wuenP-^No,  then  N-*T,  N,-*T\  and  Q  **  A,  Q’-^A'. 

Figure  12.  Geodesic  evolutes  and  antipodal  zones  on  the  oblate  spheroid  (pictorial). 

Two  consecutive  nodes  ate  in  the  geodesic  antipodal  zones  with  respect  to  the  meridian  containing 
the  included  vertex  of  the  geodesic.  From  the  first  of  the  inequalities  (35)  we  have,  when  0O  =  0, 
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S0  =  rrb  =  arr(l  -  0-  Hence  the  equatorial  arc  axis  of  the  geodesic  evolute  is  then  an  -  arifl  -  0  =  arrf  as 
shown  in  Figure  1 2. 

The  distance  from  node  to  node  (N  to  N'  in  the  diametrically  opposite  antipodal  zone)  is  given  by 
equations  (33)  and  by  symmetry  this  is  the  same  distance  as  that  between  two  consecutive  vertices.  Is  the 
geodesic  distance  thus  obtained  the  maximum  under  the  shortest  distance  property  of  the  geodesic? 
Apparently  this  is  so  from  the  limits  given  by  inequalities  (3S).  But  for  any  point  P  on  a  given  geodesic,  is 
there  a  point  P  on  the  geodesic  beyond  which  the  unique  shortest  distance  property  does  not  hold?  Before 
we  attempt  to  answer  this  question  we  find  the  length  of  the  meridional  arc  axis  of  the  geodetic  evolute 
(antipodal  zone),  the  segments  AB  =  A'B'  of  Figure  12. 

In  Figure  12,  note  that  for  the  geodesic  with  vertex  F(0o.  rr/2)  we  have 

AX  =  (rr/2)-(l/2)AA0.  (55) 

As  60  xr/2,  N  -*■  T,  Q  -*  A,  and  there  exists  the  value  +0  which  is  the  parametric  latitude  of  A  as  given 

by  (55).  From  equations  (32),  (33)  and  (55)  we  have  to  terms  in  f2 : 

7  -  f  cos  0O0  +  (f2 /8)  cos  0O  sin2  0o  (20  -  sin  20)  =  rr/2  -  rr/2  +  (rr/2)f  cos  0O 

~(n/2Xf2/4)  cos  0O  sin1  0O 

or  F(0,0O)  =  (7/cos 0o)-f(0+ rr/2) +  (f2/8)  sin2  0O  (rr+ 20 -sin  20)  =  0.  (56) 

Where  7  =  arc  sin  (tan  0  cot  0O),  0  =  arc  sin  (sin  0  esc  0O). 

We  must  therefore  solve  for  0  in  the  equation  remaining  by  taking 


lim 

0o-rr/2F(0,0o)  =  O. 

Only  the  first  term  of  (56)  is  bothersome  in  determining  the  required  limit: 

lim  7  l,m  arc  sin  (tan  0  cot  0O)  lim  ,  (d/d0o)  arc  sin  (tan  0  cot  0O) 

0O  -» rr/2 - =  0O  -*•  n/2 - - «  0O  -*•  n/2 - - 

cos  0o  cos  0O  (d/d0o)cos0o 


•  n/2  — - ; — ■ — - —  -  tan  0. 

sin3  0O  (1  -  tan2  0  cot2  0o)*'2 


We  have  then  from  (56)  and  (57) 


lim 

0O  -  rr/2  F(0, 0O)  =  tan  0  -  (f/2Xrr  +  20)  +  (f2/8 Xrr  +  20  -  sin  20)  =  0, 
or  tan  0  -  B  sin  20  =  A(rr  +  20)  (58) 

B  =  fJ/8,A*(f/2)-B 

In  (58)  let  tan  0  =  0,  B  =  0,  to  get  the  approximation 

20  =  rrf/(l-f)-  (59) 

With  the  value  f  =  .003390075283  (Clarke  1866  ellipsoid-Appcndix  2),  n  =  3.14159265^6,  (59)  gives 
0  =  18'  22*1 21  which  fails  to  satisfy  (58)  by  .00000457,  i.e. 
tan  0  -  2A0  -  B  sin  20  >  A  rr  by  .00000457. 

Now  the  tangent  different  for  1  second  at  18'  22"  is  .00000485  (Peters  Tables).  For  1  second  change, 

2A0  changes  by  2  X  10'®  but  there  is  no  change  in  B  sin  20.  Hence  we  take  459/485  *  .946  second  and 
reduce  the  first  estimate  by  that  amount  since  tan  0  >  0  >  sin  0,  i.e.  0  «  18'  22'.'121  -  '.'946  =  18'  2 1 7 1 75 . 
This  last  values  checks  (58)  to  1  in  the  8th  decimal. 
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Since  the  flattening  does  not  vary  much  among  the  10  reference  ellipsoids  of  Appendix  2,  we  may 
alter  the  approximation  (59)  to  give  a  solution  for  any  reference  ellipsoid.  This  was  accomplished  by 
changing  .946  second  to  radians,  factoring  trf,  writing  1/(1  -  f)  =  1  +  f  +  . . .  and  then  adjusting  for  the  varia¬ 
tion  in  f  among  the  values  as  given  in  Appendix  2.  The  resulting  solution  to  terms  in  f2  is 

2d  =  jrf(l  +  .7495f).  (60) 

Seven  of  the  values  of  0  computed  from  (60)  checked  (58)  exactly  to  8  decimals  and  3  were  within  1 
in  the  8th  decimal.  The  computations  are  included  in  Appendix  2,  where  the  axes  and  approximate  areas 
of  the  antipodal  zones  for  the  10  spheroids  are  also  given. 

Conjugate  points  on  spheroidal  geodesics 

For  an  arbitrary  point  P!  on  a  spheroidal  geodesic  there  exists  a  second  point  P2  on  that  geodesic 
beyond  which  the  unique  shortest  distance  property  fails.  Forsyth,  citing  Jacobi,  called  such  pairs 
conjugate  points,  reference  [28] . 

Because  of  symmetry,  the  distance,  node  to  node  is  the  same  as  vertex  to  vertex,  or  point  P,  to  P2 
in  numerically  equal  but  opposite  signed  latitudes  when  the  longitude  difference  is  the  same  as  node  to  node 
or  vertex  to  vertex.  But  consecutive  nodes  are  not  conjugate  since  there  exist  two  equal  geodesics  sym¬ 
metric  with  respect  to  the  equator  with  these  common  nodes,  see  Figure  12.  Again,  but  in  the  meridian, 
any  diameter  bisects  the  meridianal  arc  length,  hence  the  diametral  end  points  are  both  antipodal  and 
conjugate.  Hence  by  inference  two  consecutive  vertices  should  be  conjugate. 

That  this  is  so  may  be  demonstrated  in  Figure  13.  The  equal  symmetric  nodal  hemispheroidal 
geodesics  are  N2 QN2 ,  N i  RN2 .  Arc  lengths  N  i P, ,  N2 P2 ,  P, T  are  equal,  hence  the  hemispheroidal  geodesics 
PiQPj.PiSP2  are  both  equal  to  N2QN2  or  N|RN2.  By  symmetry  the  longitude  difference,  AX0,  node  to 
node,  is  equal  to  that  from  Pi  to  P2 .  Again,  the  arc  lengths  Vj  P2 ,  V2 P'2 ,  P',  U  are  equal  and  therefore  the 
geodesics  Pi  OP'2 ,  Pi  MPi ,  VtOV2 ,  N  iQN2  are  all  equal  and  the  longitude  difference,  P',  to  Pi ,  is  AX0 ,  the 
same  as  from  Ni  to  N2. 

For  the  mathematical  demonstration  we  will  maximize  the  equation  for  longitude  difference  between 
two  points  on  the  geodesic.  Asa  preliminary,  note  from  the  inequalities  (35),  that  for  hemispheroidal 
geodesics  we  have  the  longitude  difference  and  length  satisfying 
it  >  AX0  >  trb/a 

arr[l  - (f/2)  +  (fa/16)  +  f3/32]  >S0> wb, 

i.e.  along  the  equator  from  a  given  point  one  can  extend  the  length  to  trb  before  two  equal  and  symmetric 
geodesics  of  length  shorter  than  the  subtended  equatorial  arc  exist.  In  Figure  13  we  can  extend  the  dis¬ 
tance  along  the  equator  from  N  t  to  T ( ,  N !  T  i  =  rrb ,  before  the  two  symmetric  geodesics  N  ,  QN 2 ,  N  t  RN2 
exist.  That  isNiN2  >NiQN2  *  NiRN2  >NiTi  ■  rrb  and  the  points  Ni,  T\  are  conjugate. 

From  equations  (17)  we  may  write 

cosJ  0O)1/3  *  e  tan  0o/k, 

-c  sin2  a)Ui,6o  ■  1  +  n  sin*  o,  (61) 


AX*  IF,  F  =  sec  0O  (1  -e3 

r°»  An 

I*  —  do,Ac»(l 

Jo i  °° 
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Figure  13.  Conjugate  point*  on  the  oblate  ipheioid. 


n  =  tan2  0o.c  =  e2  sin2  0OI(  1  -e2  cos2  d0)  =  ka, 
Oj  =  arc  cos  (sin  flj/sin  0o),  1 9{  |  <  |  0o  I . 

Now  dAA  dl  dF 

- =  F  —  +i  —  =  0 

dSo  d0o  d$Q 

or  equivalently 

1  dAA  dl  I  dF 

- ■  —  + - =  o 

F  Mo  d0o  F  dfl0 

Since  oj ,  o* ,  Aa,  So  are  all  functions  of  60,wc  have 


dl  d  A o  A0|  dot  Aoj  do2 

—  =  — -  —  do  + - -  - — - — - 

<W0  *'oj  3d0  So  6ot  Mo  Soj  dfl0 


3  /A o\  1  /  dAo  d5o\ 

— -  —  ■  —  So  —  -  A o - ). 

30o  \So)  So1  \  d0o  d0o/ 


From  (61)  we  have 


dAo  sin2  o  dc  dc  2c2(l-eJ) 
"dST”'  2Ao  d3o’  d?o  *  ? 


cot  0O  esc2  0O, 


(65) 


d0o  ,  dn  dn  , 

—  =  sin  o  —  ,  —  -  2  tan  0O  sec  0O, 

&0o  d0o  dfl0 

da.  dF 

—  =  cot  cot0o,(l/F)  —  “  (c/e2)  esc  0O  sec 0O 

d0o  d0o 

With  the  values  of  dOi/d0o  from  (65)  the  last  two  terms  of  (63)  may  be  written 
Ao i  dot  Aoj  do2  ( A o,  A a2  \ 

6pi  d0o  8ffj  d0o  00]  J 

r0t  <*  i*o  \ 

=  cot 0O  —  —cot o  do 

Jo j  do  \oo  / 

With  the  values  of  Ao,  0o  from  (61)  we  find 

d  (Ao  cot  o)  Ao  c  cos2  o  2  tan2  0o  cos2  o  Ao 
do  6o  So  sin2  o  A oSo  So3 

With  the  values  of  dAo/d0o,  d0o/d0o  from  (65),  we  may  write  (64)  as 


3  /  Ao\  c2  (1  -e2)  ,  ,  Ao 

—  (  —  1  =  — ; - cot 0O  esc  0o  sin  o-2  tan0o  sec  0O  — rsin*  a 

30o \6o  /  e2  A o«o  0o2 


With  the  value  of  (1/F)  dF/d0o  from  (65)  and  the  value  of  1  from  (61 )  we  have 


I  dF  fa>  ,  Ao 

-  — •  I  (c/e2)  sec  0O  esc  0o  “do. 
F  d 0n  J(1 ,  00 


Now  with  the  value  of  (67)  placed  in  (66)  and  the  result  returned  to  (63),  together  with  the  value  of 
3/30o  (Ao/0o)  from  (68)  for  the  first  term  of  (63),  we  may,  with  the  resulting  value  of  dl/d0o  and  the 
value  of  (l/F)dF/d0o  from  (69)  write  the  condition  (62)  as 

r.  *  .  ,  <!>  <2> 

cot0o  I  — - 5 — ; —  c2(l -e2)  csc2  0O  5o  sin4 o  +  2eJn sec2  0O  Ao2  sin4  o|  (70) 

Jo ,  e  Ao0o*  sui'*  o 

1  (3)  (4) 

<  +e20oAo2  +ce20osin2ocos2  o  >*0 

(5)  (6) 

^■2e2nAo2  sin2  ocos3  o-csec3  0O  Ao20osin2o 
where  n»  tan2  0O,  Ao2  *  1  - csin2  o ,0o*  1  +  nsin2  o,c“e2sin2  0o/(l-«2  cos2  0O). 

In  (70),  within  the  braces,  we  first  combine  the  terms  (2)  and  (5)  to  get 

(2)  +  (5)  -  2e2n  Ao2  So  sin2  o.  (71) 

We  next  combine  terms(l),(4),  and (6)  to  get  analogously 

(1)  +  (4)  +  (6)  *  -  ne20o  sin2  o  +  cne2  So  sin4  o.  (72) 

With  the  values  from  (71)  and  (72)  returned  to  (70),  we  now  have  for  the  quantity  within  the  braces 

{0o(e2n  Ao2  sin2  a  +  e2  Ao2  So -e2n  Ao2  sin2  o)}  ■  {e2  Ao2  So 2 } ,  (73) 

where  in  the  reductions  we  have  used  the  identities  given  with  equation  (70).  The  value  from  (73)  placed 
in  (70)  gives 
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fOi 

(1/F)  dAX/d0o  =(dI/dfl0)+(I/FXdiy<W0)=-cot  B0  - — 

Joj  e  Ac 

f  a>  Aodo 


a>  c2  A  a7  bo7  do 
r,  e2  Ao8c?2  sin1  o 


ra»  al 

=  -  cot  do  I  — ; —  =  0. 

Jo2  an  ° 

Since  the  equation  to  the  geodesic  evolute  will  be  given  by  the  elimination  of  d0  between  dAX/dd0  =  0, 
and  AX  =  FI,  equations  (61)  and  (74),  we  should  be  able  to  get  an  equation  for  determining  the  parametric 
latitude  of  the  meridional  vertex  of  the  geodesic  evolute  and  thus  provide  a  check  for  equation  (58).  In 
fact  the  equation  should  be  given  by  (74),  that  is  from 


Um  /*  »/2  +  9 

d0  -*  it  12  I  Aodo/sin2  o  =  0. 

•Mir/J+fl) 


With  0 o  =  ir/2,  c  *  e2 ,  Aa  =  (1  -  e2  sinJ  o)u7,we  have 

Ao/sin2  o  =  esc3  o[l  -(l/2)e2  sin2  o-(l/8)e4  sin4  o-. .]  =  csc2  o-f(l  -f/4)+(l/4)f2  cos2o. 
Integrating  this  last  expression  with  respect  to  o  and  evaluating  for  the  limits  it/2  +  0,  -  (ir/2  +  6)  we 
obtain  equation  (58). 

In  equation  (74),  the  factor  cot  80  =  0  implies  the  meridian,  80  =fl/2)n.  Now  from  (13)  and  (13)c, 

A o  =  dnS,  sin2  a  =  sn2S,  a  =  amS,  da  =  d  amS  =  dnS  dS  and  the  integral  (74)  may  be  written 
fsi 

dn2S  dS/snJS  =  0.  (75) 

Js, 

By  manipulation  of  the  identities  ( 1 3)a  and  differentials  ( 1 3)c,  we  can  write  the  integral  (75), 
indefinite,  as 

/dS  (c'  -  dn2S  +  dn2S  +  c  cn2S  +  cn2S  dn2S/sn2S)  -  /c’dS  -/dn2S  dS  -  fd  (cnS  dnS/snS),  (76) 
/dn2S  dS/sn2S  =  c'S  -/dn2S  dS  -  cnS  dnS/snS.  (77) 

From  ( 1 2),  ( 1 3),  ( 1 3)c  we  have 

E(k,  o)=f  Aado*  f  dn2SdS  ■  E(S,  k).  (7S' 

Jo  Jo 

From  (77)  and  (78)  the  definite  integral  (75)  may  be  written 

rs,  s, 

dn2SdS/sn2S»  (c'S- E(S,k)-cnS dnS/snS)  -0.  (79) 

s, 

We  expand  (79)  and  write  the  iesult  in  the  form 

c'(S,  -SjJ-^St.ki-^Sj.ki-KcnS,  dnS,/snS,)-(cnS,  dnS,/snS,)j.  (80) 

Using  the  difference  formula  for  two  elliptic  integrals  of  the  second  class  with  the  same  modulus,  and  the 
difference  formula  for  the  sine  amplitude  from  ( 1 3)a,  we  can  write  the  right  members  of  (80)  respectively 
as 

E(S,,k)-E(S1.k)-E(S,-Sa.k)-csnS,  snS,  sn(S, -Sa) 

(-(cnS|  dnS|/snSi)+(cnS:  dnSj/snSj)J  «sn(S, -SjXI -csn2S,  sn2Sj)/snS|  snSj. 

Placing  the  values  from  (81)  in  (80)  and  solving  for  sn(S|  -  Sj)  we  find 

*n(Si  -Sj)  *  snSj  snSj  (E(S,  -Sa,k)-c'(S,  -S,)].  (82) 

where  c’“  1  -c*  1  -k2«(l  -e2)/(l  -e2  cos2  d0),c"e2  sin2  d0/(l -e2  cos2  0O). 
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If  we  place  S  t  =  S2  in  equation  (82),  the  equation  is  satisfied  since  from  ( 1 2)  and  ( 1 3)b,  sn(0)  =  E(0,  k)  =  0. 
If  we  place,  in  equation  (82),  St  =  2K,  S2  =  0,  the  equation  is  satisfied  since  sn2K  =  sn(0)  =  0.  Hence  the 
value  of  St  required  is  the  root  of  (82)  next  greater  than  S2  where  0  <  S2  <  2K.  Note  that  K  is  a  complete 
elliptic  integral,  see  ( 1 2)a. 

For  an  approximation  we  write  x  for  Si  in  (82)  and  consider  the  intersection  of  the  functions  (curves) 
y  =  sn(x  -  S2  )/sn(x)snS2  =  E(x  -  S2 ,  k)  -  c'(x  -  S2 ),  c'  =  1  -  k2 

=  (1  -e2)/(l -e2  cos2  0o)<  1. 

As  shown  in  Figure  14,  the  next  value  of  x  for  which  equations  (83)  are  satisfied  is  St  and  we  have 

0<x,  <  2K-S2,  where x,  =  S,  -(S2  +2K).  (84) 

If  we  solve  (84)  for  Si  and  place  this  value, x  =  S(  =  xi  +  S2  +  2K,  in  (83),  we  may  write,  using  the  values 
from(13)b 

y(  a  sn(xi  +  2K)/sn(xi  +  S2  +  2K)snS2  =  snxi/sn(xi  +  S2)snS2 

=  E(x,  +2K,k)-c'(x,  +2K).  (85) 

Using  the  appropriate  identities  from  (13)a,  we  transform  the  right  member  of  (85)  as  follows: 

E(x,  +2K,k)-c'(x,  +2K)  =  E(x,  ,k)-c'x,  +  2(E  -c'K)  =  E(x,,k)-c’x,  +4cc'dK/dc 


fx‘ 

=  c  cn2  x  dx 
Jo 


+  4cc'dK/dc. 


Using  the  value  of  K  from  ( 12)a,  we  have 

rp  a  . 


r*r*  a  r*P 

j  —  (1  -c  sin2  x)‘w  dx  =  (1/2)  I  ( 1  - c  sin2  x)*2'2  sin2  x  dx. 
Jo  9c  Jb 


From  (85),  (86),  end  (87)  we  have,  for  the  determination  of  xt ,  the  equation 


y ,  *  snxi  /sn(xi  +  S2)snS2  =  c 


:c  cn2xdx 
Jo 

(1  -csin2  x)‘w  sin2  x  dx. 
o 


Since  c"e2  sin2  6qI(1  -e2  cos2  0o)m  2f  sin2  0o  +  . . . ,  and  2f  ™e2  +f2,  then  always  2f  >e2  >  c.  For 
earth  reference  ellipsoids  2f  -  e2  *  fl  *  1  X  1(TJ .  We  consider  here  that  2f,  e2 ,  c  are  of  tlie  same  order  and 
reject  terms  of  second  and  higher  order  in  c  or  f.  Since  X| ,  snxt  are  of  the  same  order  as  c,  we  place 
snxi  ■  X, ,  sn(xt  ♦  S2)  *  snSs  and  write  (88)  as 

f*»  f’ff 

y,  «Xi/sn2Sj  *c  (i-,.)dx  +  2c  (1/2 ,)dx  «  0  ♦(l/2)ct, 

Jo  Jo 

and  we  find 

x,  «(l/2)cirsn2S2.  (89) 

Placing  c  «  2f  sin2  flo  in  (89)  we  may  write 

Xi  »irfsin2  $0  »JS2  •y|Sn2SJ,yi  “irfsin2  B0.  (90) 

From  (84)  and  (90)  we  obtain 

Si  *2K  +  S2  +  X|  *  2K  +  S2  +#f  sin2  «0 


(91) 


Xi  «  y)»5Sj  •  *f  Un1  8^  sn,Sj,y,  «  Hf  tin1  90 


Hgutr  14.  Cnptticai  mhrtioft  of  (f )). 

Note  that  the  value  given  by  (91)  i»  Muiogout  to  that  obtsined  by  Forsyth.  see  reference  j  2$ j .  By  dtrecf 
intepshon  of  the  integral  for  K.  equetions  ( 1 2}»,  we  find  to  first  order  in  f  that  2K  ■  *(  I  -H!/3f  sin1  0$) 

*  n  *(l/2)y, .  Substitution  m(91)givet5i  -  St  »  n  *  K}  +ft/2>yi  «  shown  in  Figure  14. 

From (6 t),(l 3), (1 3)j. ( 1 3>b  we  have 

cnSi  *  cosoi »  sindj/sin 0<,,cn(2K  +  $)  =  -cnS,  s^S*  1  -enH,  (92) 


47 

i  f 
i  t 

\ 

t 

i 


I 


We  write  from  (91),  with  the  help  of  (92) 

cnS|  *cn(2K  +  (S,  +  x,)J  *-cn(S,  +  x,)t 

sind,  =  -snd„  cn(Sj  +  xt),Xi  “xfsin1  d0  sn'S,  °  rr^sn1  80  -  sin1  d,),  (93) 

which  to  first  order  in  f  relates  the  parametric  latitudes  6 1 ,  8  ,  of  conjugate  points  on  spheroidal  geodesics. 

Whenflj  *dc,a  geodesic  vertex,  thenx,  *  0,  cnS,  =  l.and  we  have  sin  9]  =  -sin  do.wd,  =  -d0. 
That  is  the  conjugate  of  a  vertex  of  the  geodesic  is  the  next  vertex,  a  result  obtained  by  another  argument. 
See  the  discussion  following  equations  (33)  and  the  geometric  demonstration.  Figure  1 3.  A  special  case  of 
this  last  is  given  by  d0  =(1/2)*,  whence  sin  0,  =  -l.d,  *  -0/2)*,  i.e.  the  poles  are  conjugate  as  well  as  anti¬ 
podal  for  the  meridian,  a  known  result.  When  de  *  d,  =  0,  then  8  ,  *  0  and  we  have  the  end  points  of  the 
equatorial  limiting  geodesic  arc  *b,  the  segment  N i T(  of  Figure  13. 

Since  along  the  geodesic  id,  |<|d0  i,  the  range  of  x,  for  a  particular  geodesic  is0<xt  <*frin1  60-yt 
and  over  the  spheroid  is  0<  x,  <  *f.  Note  that  nf  is  the  equatorial  central  angle  subtended  by  the  equatorial 
arc  axis  of  the  geodesic  evohite,  see  Figure  12,  or  to  first  order  in  f,  nf  is  the  meridional  central  angle  sub¬ 
tended  by  the  meridional  arc  axis,  see  equation  (6G).  Consistent  with  the  approximations  used  to  obtain 
(89),  we  have 

snx,  »  xi.cnxi  *  dnx,  *  1, 2f  sin1  80  sn’x,  *  ex,  *  0.  (94) 

From  (13)a,  the  addition  formula  for  the  cosine  amplitude,  we  may  write  (93)  as 

sind;  =-su< 80 (cnS,cnx,  - snS, duS, snx , dnx, )/( 1  -  2f  sin1  80  sn1x,sn1S1) 
and  using  (94) 

sind,  »- sin de(cnS, -x,snS,dnS,).  (95) 

Now  from  ( 19)a,  with  e1  »  2f  and  retaining  terms  in  f,  we  have 

snS,  ■(sin1  d0  -  sin1  d,),/1/sin d#, dnS,  ■  (l  -2f(sin*  d0  - n1  d,)|*''1, 

cnSj  *  sind, /sin  d0.  (96) 

The  values  from  (96),  and  the  value  of  x,  from  (93),  placed  in  (95),  retaining  terms  of  fust  order  in  f, 
give 

smd|  =-sind,  ♦■fCata1  -  sin1  d,)yi.  (d,  i<!ds  |,  (97) 

which  to  first  order  inf  is  the  equation  relating  the  panmetric  latitudes  dt.  d,  of  conjugate  points  on 
spheroidal  geodesics  but  free  of  eOtptk  functions  Note  that  (97)  xbo  gyves  the  special  cases  discussed 
following  equations  (93),  as  it  dtould. 

Discussion.  We  have  demonstrated  mathematically  and  geometrically  (pktorkDy  in  Figure  i  3)  that  along 
the  equator,  the  end  points  of  the  segment  »b  are  conjugate.  We  have  proved  that  consecutive  vertices  are 
conjugate  from  both  (93)  and  (97).  Now  if  we  ignore  the  term  in  f  in  equation  (90.  we  have  d,  *  -d, 
with  the  longitude  difference  that  of  the  hem  spheroidal  geodesic  in  vertex  parametric  latitude  8».  whence 
we  get  two  equal  geodesics  as  demonstrated  in  Figure  1 3.  Hence  to  test  approximation  formulae  to  the 
geodesic  we  need  not  exceed  the  length  of  the  hemispheroidal  geodesic  (node  to  node  or  vertex  to  vertex) 
since  it  is  maximum  under  the  unique  shortest  distance  criterion. 

Note  that  equation  (74)  provides  through  the  subsequent  discussion,  the  rnfficient  condition  for 
maximum  geodetic  length  under  the  dtortest  distance  property,  the  Euler  equation,  equation  (3)  above, 
being  the  necessary  condition. 
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Also  note  that  the  parallels  S  ®  ±  9$  are  envelopes  of  all  the  geodesics  whose  vertex  latitudes  are 
±^o.»nd  the  points  VtVj  (verti  vi),  Figure  13, arc  points  of  tangei  cy  to  the  envelopes.  But  any  conju¬ 
gate  point,  according  to  ar-  if  definition,  is  a  contact  point  of  an  envelope,  reference  [29]  page  34. 
Finally  note  that  two  t/y  >i  envelopes  are  involved.  The  envelope  of  all  the  geodesics  having  the  same 
vertex  paramo :  <  latitude  j  60  I  are  the  parallels  d  a  ±  d0 ;  the  envelopes  of  all  geodesics  with  a  vertex  in  a 
common  meridian  are  the  two  symmetric  geodesic  evolutes  as  shown  in  Figure  1 2. 


Kemiapheroidai  geodesics  under  the  Aorteat  diatance  property 

With  the  help  of  equations  (33),  (34),  (35),  (97)  we  establish  that  the  nonplanar  geodetic  distance 
between  two  given  spheroidal  points,  under  the  shortest  distance  property  of  the  spheroidal  geodetic,  liet 
on  an  arc  of  one  of  the  four  equivalent  spheroidal  geodesics,  as  shown  in  Figure  1 5,  where  90  is  the  vertex 
parametric  latitude  of  the  geodesic  through  the  two  given  points. 

Graphically,  if  a  wire  frame  were  constructed  connecting  the  semiequator,  the  aemimeridian  m.  the 
meridian  NTST’  anti  the  four  hemispheroidal  geodesics  with  vertex  latitude  $a  as  drown  in  Figure  1 S,  then 


cot •  cn t  and  P*«  «rc  DO*  *  sail  -  ft  *  fct. 


The  i 


I  *7  *  |h>N  «rtn  pa 


rife  Wnfe. 
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the  rotation  of  the  edipaoid  about  the  poiar  axis  under  this  frame  would  bring  the  two  given  points  into 
coincidence  with  one  of  these  four  equal  nonpianar  spheroidal  geodesics.  Note  that  when  0O  0,  all 
four  geodesics  coincide  with  the  equatorial  limiting  distance  DD'  and  when  !  0O  I  -+d/2)ir  both  spheroidal 
geodesics  (1)  and  (2)  coincide  with  the  semimeridian  m  while  the  spheroidal  geodesics  (3)  and  (4)  coincide 
with  the  meridian  NTST'. 

We  may  then  construct  a  table  of  possible  cases  of  hemi spheroidal  geodesics  to  be  considered  in  the 
testing  of  approximation  formulae  to  the  geodesic.  With  the  help  of  equations  (32),  (33),  (35),  (38), 
(50){54),  (97)  the  possible  cases  are  listed  in  Table  2. 

Note  in  Figure  15  that  hemispheroidal  geodesics  (2)  and  (4)  are  the  reflections  in  the  equator  of  (1) 
and  (3).  Also  the  meridian  NQS  bisects  all  four  hemispheroidal  geodesics  with  the  same  vertex  latitude  0o. 
We  can  treat  a  geodesic  in  the  southern  hemispheroid  as  though  it  were  in  the  northern  and  translate  com¬ 
puted  elements  symmetrically  with  respect  to  the  equator.  Thus  all  possible  cases  required  to  test  approxi¬ 
mation  formulae  to  a  geodesic  with  vertex  latitude  0O  are  as  shown  in  Figure  1 5.  Note  that  arc  AB  con¬ 
tains  a  node,  arc  CE  contains  a  vertex,  and  arc  CF  contains  neither  vertex  nor  node. 


Table  2.  Hemispheroidal  geodesics. 

aa.0  is  the  longitude  difference,  node  to  node  or  vertex  to  vertex,  of  the  spheroidal  geodesic  whose  vertex 
parametric  latitude  is  0o>  we  equations  (33)  and  Table  8. 


CASE 

I.  102  I*l0i  I, AX,  ±AX,<AXo 

a.  1 0O  I >02  >0i  >0 

b.  |0ol>0,>02>O 

c.  0a  <0.0,  >0 

1.  !0ol>!02l>0i>O 

2.  I0O  l>0,  >102  l>0 

d.  0,<O,0,>O 

1.  I0o  I>l0i  l>02>O 

2.  100  I  >0,  >  1 02  I  >0 

II.  1 0, 1 * 1 0,  I,  AX,  -  ±  AX,  <(1/2) AXo 

a.  |0o!>0i>O,0,--0, 

b.  0,<O.02»I0,  I<l0ol 

c.  0,  *0,,  1 0o  I >0, 

UI.  AX,  -  ±  AX,  «Kl/2)AXo 

a.  |0,  |-|0,  I *|0O  1*0 

b.  0i  *0,  *O,0o  *0 

c.  0,  *-0,,  AX*  AXo 


General  -  the  geodesic  arc  may  not  include  either 
a  vertex  or  a  node;  may  include  one  vertex  or 
one  node. 


Symmetric  -  with  respect  to  a  node  or  vertex  but 
not  maximum;  contains  one  node  or  one  vertex. 
Special  case  of  I. 

Maximum  -  between  two  consecutive  vertices  or 
two  consecutive  nodes  or  between  two  points 
asinlllc.  Special  case  of  II. 
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Some  numerical  coinkferatkmi 

Since  there  are  206264.8062  seconds  in  one  radian,  a  6  in  the  ninth  decimal  place  of  one  radian  repre¬ 
sents  .001  second.  Maximum  hemispheroidal  radian  geodesic  length  is  the  semimeridian  which  is  slightly 
under  it  radians.  Table  3  shows  the  effect  of  radian  decimal  places  and  significant  figures  in  computing 
geodetic  distances  over  the  hemispheroid.  Note  that  with  10  decimal  places  of  radians  there  will  be  some 
uncertainty  in  the  third  decimal  of  meters  at  maximum  hemispheroidal  geodetic  length. 

The  spheroidal  triangle 

We  first  indicate  some  analogies  between  spherical  and  spheroidal  right  triangles.  From  the  defini¬ 
tions,  equations  (13),  we  have  sin  a  =  snS,  cos  a-  cnS,  tan  o  =  tnS;  where  a  =  amS,  amplitude  of  the  elliptic 
integral  of  the  first  kind,  S  =  F(k,  a),  and  where  the  modulus  is  k  =  e  sin  0O/(1  -e2  cos2  0)1/2-see  equations 


I 


Table  3.  Effect  of  radian  decimal  places  and  significant  figures  in  computation  of  geodetic 
distances  over  the  hemispheroid 

Clarke  1866  ellipsoid, a  «  6378206.4  meters 


radians 

decimals 

significant 

figures 

meters  fa-radians) 

rr/32=  .0981748 

7 

6 

626179 

.77 

8 

7 

8.9 

...04 

10 

9 

.949 

. 25 

12 

11 

.94904 

ir/4*  .7853982 

7 

7 

5009432 

.  16 

8 

8 

1.6 

...3 

9 

9 

.59 

....4 

10 

10 

.592 

rr/2  «  1.5707963 

7 

8 

10018863 

.3 

8 

9 

3.2 

.27 

9 

10 

.19 

..68 

10 

11 

.185 

jr*  3.1415927 

7 

8 

20037727 

.65 

8 

9 

6.3 

...4 

9 

10 

.37 

..36 

10 

11 

.369 
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(15)»4(19)a.  Hence for  the qpfctrsal  mi spheroidal triwgles N'Pif, NP«P at shown  in  Figure  16, we 
hm  the  following  analogies 

Spherical 


Spheroidal 


A.1 

cos  80 

«  cos  8  sin  a  ^ 

equation  (10)  -*  cos  0C  •  cos  0  on  a 

B.l 

A.2 

cot  e0 

*  tan  a  tin  a 

cot  80  a  tan  a  snS 

B.2 

A.3 

sin  8* 

sin  B0  cot  o 

sin  6  *  sin  0o  cnS 

B.3 

A.4 

tan  o- 

■  cos  0Q  tan  n 

tnS  =  cos  $a  tan  AX 

=  cot  d  cos  a 

B.4 

From  Figure  10  and  the  identity  (98)  (A.  1  *  B.l)  we  have  respectively: 
cosa  =  sin^--aj  =a(l  -e1  6)yi 


whence 


sma  =  cos80  sec®, 
cos  d0 


tana  = 


ds 


3(1-6*  cos2  «),/s  -  cos  6 


t  is  geocentric  latitude  for  the  sphere,  parametric 
for  the  ellipsoid;  *  is  geodetic  latitude 

Figure  K.  Muatratiag  — hcfweea  spherical  and  spheroidal 
right  triages. 
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(98) 


(99) 


i 


From  (98),  BJand(13)c 

-cot  0  d0  ■  sin  0o  snS  dnS  dS 
From  (13)  and  (IS) 

(1  -e2  cos*  0),/2  *(1  -e2  cos2  0O)1/2  dnS 

From(13)c  and  (17) 

ea  sin  00  dn2S  dS 

ds  = - - - 

k 

From(lOO)and(lO2),withk  =  esin0o/(l  -e2  cos2  0o)1/l, 
ds  a(l  -e2  cos2  0O)1/J  dnS 

-cos  0  d0  sin  0O  snS 
Substituting  from  (101)  and  (103)  in  (99)  And 

cos  0O  1  a(l -e2  cos2  0O),/2  dnS  cot0o 

tan  cl  —  ~  ~  . . .  —  ■  i  '■  •  ■■■  —  — -  ■  z  —  — i  - 

a  (1 -e2  cos2  0O)1/2  dnS  sm0o  snS  snS 
or  cot  0O  ■  tan  a  snS  (104) 

which  is  (98)  B.2  and  becomes  (98)  A.2  when  e  -*•  0,  k  -*  0,  S  -*■  I  do  *  o,  see  equations  ( 1 2),  and 

•'O 

snS  -*■  sin  o,  cnS  -*•  cos  o,  where  o  is  then  the  spherical  distance  from  the  vertex  of  the  geodetic  (parametric 
latitude  0O)  to  a  point  on  the  geodesic  in  parametric  latitude,  0,  i.e.  o  ■  arc  cos  (sin  0/sin  0O)  or  (98)  A.3; 
see  also  Figure  11. 

To  find  an  expression  for  AX  in  (98)  B.4,  we  have  from  equation  (17) 

(k/e)cot0o  dX-(l  -k2sin2  o)ul  do/(l  +  n  sin2o), n -  tan2  0O  (105) 

and  from(13)c  and(19)a  find 

(1  -  k2  sin2  o),/2  ■  dnS,  sin2  o  >  sn2  S,  do  ■  dnS  dS, 
whence  (105)  becomes 

(k/e)cot0o  dX«dn2SdS/(l +nsn2S)  (106) 

If  we  let  tan  U  ■  sec  0O  tnS,  then 

sec2  U  dU  «  sec  0O  d(tnS)  ■  sec  0O  dnS  dS/cn2S  (107) 

where  we  have  used  d(tnS)  *  dnS  dS/cn2S  from  (13)c. 

Now  sec2  U  ■  1  ♦  tan2  U  ■  1  ♦  sec2  0O  tn2S 

■  1  ♦(!  +  tan2  0O)  tn2S 
■(cn2S  ♦  sn*S  ♦  tan2  0O  sn2S)/cn*S 
sec2  U«(l +  nsn*S)/cn2S. 

(from  the  Identities ( 1 31a,  sn2S *  cn2S  ■  1,  tnS  ■  snS/cnS) 

From  ( 1 07)  and  ( 1 08)  we  have 

cos 0O  dU ■  dnS dS/(l  *  n  sn2S),  n  •  tan2  0O. 

Subtracting  respective  membertof(106)  from(109),  find 

dnS  -  dn2S 

dX"(e/k)tan0o  (cos0o  dU - -  ds), 

1  +nsn2S 

or  fs  dnS  -dn2S 

AX  ■  (e  tin  0,/k)U  -  (e  tan  0o/k)  - r- dS 

Jo  l+nsn2S 


(108) 

(109) 

(HO) 


(100) 

(101) 

(102) 

(103) 


S3 


where  U  *  arc  tan  (lec  0O  tnS),  k  *  e  sin  0o/(  1  -  e2  cos2  do)172 .  n  =  tan2  60.  Solving  for  U,  (1 10)  may  be 
written 


tnS  =  cos  0 o  tan 


(k/e  sin  0o)AX  +  sec  0O 


f  s  dnS  -  dn2 
Jo  1  +  n  sn1 5 


dS 


(111) 


When  e  -*■  0,  k/e  sin  8 0  -*  1  -*  dnS,  tnS  -*•  tan  a  and  (11 1)  becomes  the  spherical  formula  tan  a  =  cos0o  tan  AX 
where  AX  =  rj,  the  spherical  longitude,  i.e.  (Ill)  becomes  (98)  A.4  when  e  -*•  0.  Thus  the  analogies  (98)  are 
implicit  in  the  spherical  approximation  to  the  spheroidal  triangle  as  demonstrated  in  Figure  11. 


The  approximate  solution  for  geodesy 

Direct  Solution 

For  the  direct  solution  we  are  given  the  geodesic  length  S  from  a  given  point  P-.(0t ,  Xi)  in  given 
azimuth  ai_2  to  find  the  geographic  coordinates  02 ,  X2  of  a  point  P  2(fo ,  X2)  and  the  azimuth  a2.] .  A 
solution,  reliable  over  the  hemispheroid,  will  be  sought  consistent  with  the  following  criteria: 


1.  An  accuracy  of  1  meter  in  position-geodetic  distance  within  1  meter:  latitude,  longitude,  azimuth 
within  .035  second  over  the  longest  possible  hemispheroidal  geodesics;  at  least,  in  the  limiting  case, 
equalling  the  1/100,000  distance  and  1  second  azimuth  requirement  adopted  by  ACIC,  reference  [22] . 

2.  No  tables  required  in  the  computations  except  natural  trigonometric  as  Peters  8-place  for  desk 
computing. 

3.  Easy  adaptation  to  any  reference  ellipsoid  by  merely  changing  the  ellipsoid  defining  parameters. 

4.  No  root  calculation  or  iteration  and  formulae  adaptable  to  both  desk  computation  and  large 
electronic  computers  with  terms  no  higher  than  second  order  in  the  flattening. 


Now  the  parametric  latitude  0 1  of  Pj  may  be  computed  from  tan  8  j  ■  (1  -  f)tan  9i  end  from  equa¬ 
tion  (10)  or  (98)  we  have 


cos  0O  ■sma,.:  cos  0,  «=-sino3.,  cos02. 

012) 

We  place  d  -  S/aD, 

(113) 

and  from  equations  (48)  write 

t,  *S|/aD«0!  +  P sin  2oj  - Q  sin  4o,  ♦  R  sin  6<7| 

(114) 

Is  "d-fi  *S2/aD"o2  +Psin2o2  - Q sin 4o2  +  R  tin 6o2 

(115) 

where  ot  ■  arc  cot  (tin  0  ( /tin  0o),  o2  ■  arc  cos  (tin  02  /sin  0O) 

and  P«E/D,Q«F/D,R»G/D, 

with  D,  E,  F,  G  from  equations  (49). 

Since  we  have  coe  0O  from  (11 2),  the  constants  C|,  c2,c2,c4  andA,B,C,D,  E,  F,  G  may  be  com¬ 
puted  from  (49).  Since  we  have  0(  and  0O  we  can  compute  o(  and  then  |(  from  (1 14),  |2  from  (1 1 5), 
i.a.  from  |2  *  d  - 1( .  But  we  need  o2  and  therefore  the  series  (115)  must  be  reversed.  Figure  1 7  shows 
the  spherical  triangle  being  used. 

Now  the  ranges  of  C|,ca,c2,C4  areforO<|0#  l<tr/2;f  >C|  >0,0<c2  <f/4, 1  ♦  f  >c2  >  1, 
1  ♦  f  >  c4  >  1  ♦  f/4.  Since  the  maximum  hemispheroidal  geodesic  length  under  the  shortest  distance 
criterion  is  the  semimeridien,  given  when  80  *(l/2>r,  we  have  for  this  value  of  0O: 
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A  =  B*C  =  0,  D*  .9983056819,  E  *  .8475185  X  l<r,F-.J799X  10"*, 

G*  1  X  1  <r‘°,P  =  E/D*. 8489569  X  l(T3,Qa  F/D-  .1802  X  i0“®, 

R  =  G/D  =  1.001  X  1  O'9,  where  f  *  .3390075283  X  10-J  (Clarke  1866). 

The  maximum  contributions  of  the  terms  E  sin  2o,  F  sin  4a,  G  sin  6o  are:  2aE  =  10,81 1.296m, 

2aF  =  2.295m,  2aG  =  .0013m.  An  examination  of  Table  3  shows  that  there  will  be  a  maximum  angular 
error  of  .001  second  in  holding  8  decimals  of  radians.  We  arbitrarily  reject  all  decimal  radian  terms  of  tire 
order  .3  X  10"*  or  less  in  the  analysis  to  follow.  We  have  at  once  from  (1 16)  that  G  =  R  =  0. 

We  write  (115)  as 

J2  =  Oj  +  2,  2  =  P sin 2oj  -Q  sin 4o2  (11 

whence  sin  2fj2  =  sin  2o3  cos  22  +  cos  2 a2  sin  22 

sin  4{2  =  sin  4o2  cos  42  +  cos  4<j2  sin  42  (11 

We  use  the  series  approximations,  sin  X  =  X  -  X3/6, 

cos  X  *  1  -  XJ/2,  and  find,  rejecting  terms  of  the  order  of  .3  X  10** 


Flpm  17.  Mfcerial  triMgfc  mmt  t»  ippoxSaiMi*  th*  tptorofcM  Xxteuttu  m  from  aorta  with 

MM  trait  m  potMvt. 


(119) 


or  lets  (using  the  values  of  P  and  Q  from  ( 1 1 6)): 
sin  22  *  2(P sin  2o2  -Q  sin 4oj) 
cos  22  =  1  -  2P1  sinJ  2oa 
sin  42  =  4(P  sin  2o2  -Q  sin  4oj) 
cos  42  =  1  -  8PJ  sinJ  2 e2 

The  values  from  (1 19)  returned  to  (1 18),  with  the  help  of  some  trigonometric  identities,  give 

sin2$2  =  (l-tf^-C)]  sin  2o2  +  P sin 4c2  +  [(1/2)^  -Q]  sin  6o2  (120) 

sin4{,  =-2Psin  2o2  +(1  -4PJ)sin4o2  +2Psm6o2  +2(PJ  -Q)sin8o2  (121) 

If  we  multiply  ( 1 20)  by  P,  rejecting  terms  of  the  order  .3  X  1  O’®  or  less,  with  the  values  of  P  and  Q 
from  (116),  we  get 

P  sin  2$2  *  P  sin  2o2  +  PJ  sin  4o2  (122) 

Now  subtract  respective  members  of  (122)  from  (1 17)  to  get 

it  -  P  sin  2$2  •  o2  -  (Q  +  PJ)  sin  4c2  (123) 

Next  multiply  (121)  by  Q  +  P2 ,  rejecting  terms  of  order  .3  X  10"®  or  less,  to  get 

(Q  +  P1)  sin  4$2  =  (Q  +  Pa)  sin  4c2  (124) 

From  (123)  and  (124)  we  have  then 

02*t3-PsiA2t2  +  Msin4{2,  (125) 

where  M  *  PJ  +  Q. 

Now  from  (1 16),  Q  -  F  *  .3  X  10**  ,  hence  we  may  place  Q  «  F  and  we  write  from  (1 14),  (1 15),  and 
(125)  with  G  ■  R  -  0,  Q  -  F,  P  -  E/D,  M  -  PJ  +  F,  d  «  S/aD, 
o2  ■  U  -  P  sin  2U  +  M  tin  4U 

U"d-{|»d-Oi-Psin2oI+Fsin4o|. 

We  next  examine  our  fundamental  coefficients  for  exclusion  of  terms  of  order  .3  X  Iff8  or  smeller. 
From  (49), 

0(1/4) CiCja,C|  "fcoi0o,c»  ■(l/djftin®  0O, 


(126) 


dC  /  dc  t  dcj\  dC|  dc2 

— --(l/4)c2  [Cj —•♦2c,  ~  1-0,  —  ■-fsin«o,Tr“(I/2)fsin8oCOs6o, 

d Oq  \  oo  o  cIOq  /  wg  Wo 


and  we  find 


dC 


-  (1/4)  Cjf  sin  S0  (-c2  ♦  ci  cos  0O)  ■  0. 


whence  the  minimum  is  given  by  80  ■  0  (the  equatorial  limiting  arc),  and  the  maximum  by  c2  ■  c,  cos  90 
or(l/4)ftina  02  -fcoa*  0«,  whence  tan  0O  -  2, 0o  •  63*  26'  05?8I6and  maximum  value  of  C  is 
C •»  (1/4)  Cj c* 1  -  ,174  X  1(T*.  Hence  we  place  C  *  0  with  respect  to  our  rejection  criterion  .3  X  10*. 
Since  C|* -(1/64X*  sin*  0O.  the  maximum  value  it  at  0O  •  w/2,  when  c2a  -.6X  lO‘*(Garke  1866). 
Hence  we  neglect  terms  of  the  order  c2  *  in  the  coefficients  D  and  E  and  write: 

A-C|(l  -c,c«),B-(l/2)c,c1Ci,D-2  +  c,c4(co  -  l)-(c2  ♦€«). 

E  -  (l/2)c,  (2  ♦  Cj(c2  -  1)) ,  F  -  ( l/4)c,  a(2c«  -  1), 

Ci  -foos#o.Cs  "(l/4X*in*8*,Cj  -  1  ♦  e,co*#o.C4  -c2  +  c». 


(127) 
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We  next  consider  the  effect  of  omitting  the  terms  inf*  in  the  coefficients.  If  this  si  done  they 
become 

A  *  Cj(l  -c2),  B  *  (l/2)c, c2,  D  *(1  -CiX2-ca  -Cj),E«(1/2)cj(1  +  c,), 

F  =  (l/4)c13,c1  «fN,c2=(l/4)f(l  -N3),  Cj  =  I  +  fN3,  N  *  cos  0O>  (128) 

identity:  c,3  -4c2(c3  - 1)  +  c3(2  -c3)  =  1. 

Now  we  form  the  differences  of  coefficient  values  from  ( 1 27)  and  (128)  and  examine  for  maximum 
values: 


I M I  =  c,c2  |(c«  -1) |  =  (1/1 6)f 3 N(  1  -  N3X1  +  3N3)  = 


4N 


1  +  3N3 


I  ADI 


2N3  2N3 

I AB I  =  (l/2)c,c2 1(1  -c3) |=(l/8)f3N3(l  -N3)  =  I AA 


4N 


I  ADI 


1  +  3N3  1+3N3  1+3N3 

I  AD  |  =  c2  i  jc4(2  -c4)  -  1)  |  =(l/64)f3(l  +  3N3)3(1  -N3)  (129) 

IAE|  =  (1/2)c2  |(2c3  -1  -c33)|=(l/8)f3N4(l  -N3)“N|  AB  lBN  •  — ’  r~~T  ’  IADI 


!  +  3N1  1  +  3N3 


I AF  |=  (1/2)c23  1(1  —  c4)  I  =  (1/1 28)f3(  1  -N3)3(I  +  3N3)» 


1-N3 
2(1  +  3N3)1 


ADI 


Since 


|0o|<jt/2,O<N-cos0o<1.O< 


1-N3 
2(1 +  3N3) 


<•5, 


2N3  4N 

from  (129)  that 

I  AA  I  <  ( 1 .2)  |  AD  I  max,  I AB I  <  (0.6)  I  AD  I  max,  |  AE I  <  (.6)  i  AD  I  nux, 

I AF I  <(0.5)  I  AD  I  max. 

Thus  we  have  only  to  find  I  AD  I  max  and  show  that  both  it  and  I  AA  I  are  less  than  the  rejection  criterion, 
,3  X  HT*.  We  find 
d  |  AD  I 

— - —  •  (f  */64)  •  2(1  ♦  3N3)NN'(5  -  9N3 )  -  0, 
d  9q 

whence  N»0,(8e**/2),N'«0,(#o*0),N3  max“5/9.  With  this  last  value  I  ADI  max  •  .2  X  lO*. 

I  AA  I  <(1.2)  I  AD  I  max-.  24  X  l(T*  which  is  sufficient  to  fustify  the  mtuts  (J2S  l 
Now  sinfl*  *sindp  co«c2,tan#2  ■  tan02/(l -f). 

sina2.|  *cotdo/cot0j  •cmBt  sfna,.2/c otdj 

From  (50) 

+ij2.E<;*o,  ♦o2,Ao“o,  -®j, 

P  *  2  sin  lo  cos  Ao,  AA  »  £ij  -  Ala  ♦  BP.  X2  *  X,  ♦  AX, 
rjj  »  arc  cos  (un  dj/tan  d„)  *  arc  cot  (cot  d#  cot  oj/cos  fl() 
ot  *  arc  cot  (sin  dj/tin  d0). 

Summary  of  first  direct  solution,  given  ♦, ,  X| ,  S,  a, . 

1.  Convert#)  to  parametric  latitude  from  tan  #,  »(t-Qtan#i 


(130) 


031) 
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2.  Compute  cot  6$  *  cct  d  ,  tina,_2  (geodetic  vertex) 

3.  Compute  Oi  *  arc  cot  (tin  d,  /tin  d0),  tin  2o, ,  sin  4o, 

4.  Compute  A,  B,  D,  E,  F  from  ( 1 28)  and  (132) 

P  *  E/D,  M  *  F  +  D1 ,  d  *  S/aD 

5.  From(126),U»d-ol  -Psm2o,  +  F  sin 4o, , tin  2U,  sin  4U 

6.  Oj  *  U  -  P  tin  2U  +  M  sin  4U,  cos  o2 

7.  d2  =»  arc  tin  (tin  d0  cot  o, ),  a,.,  =  2jr-a'ctin(cosd0/cosd2) 

cosd^tand^tanfc  =  tand2/(l  -f) 

8.  rji  *  arc  cot  (tend, /tan  d0),f}2  ~arccos(cosd0  cos02/cosd2) 

9.  From(131),2i}*t7i  +t?j,2o*Oi  +  0j,  Ao  =  o,  -oj, 

p*2tin2acoi  Ao.AX-Srj-Alo  +  Bp.Xj  =X,  +  AX 

Alternative  trigonometric  formulae,  reference  {19]. 

When  £o  *  o,  +  o2  has  been  found 

tanaj.t  “cotdo/(tm£otindi  -Ncot£o),N«sindosin01  «cosd0  cosa,..2 
tan  *(cot  £o  tin  d,  +  N  tin  £o)  sina2_,  /(I  -  f)  cot  d0  (133) 

£t}  -  arc  tan  [tin  £o  cos  d0/( cos  £o  -  sin  9 1  sin  9 2 )] 

■arc tan  [tin  £o  tin  a,  .4 /(cord,  cot  Zo- sin®,  sin  £ocosa,.2)] 

We  make  the  following  changes  for  a  geodetic  arc  that  will  contain  no  vertex,  but  will  contain  a  node: 
a2_,  ■tr  +  a*»ir  +  aictin(cot8o/coid2), 

U  «  oj  -  d  +  P  tin  2ot  -  F  tin  4o( 

tan  Arj“tan(fji -tj2)-tin  Aotina,.2/(cote,  cot  Ac  -  and  i  tin  Ao  cot  o,^) 

AX  *  At)  -  AAo  ♦  2B  tin  Ao  cm  £o,  from  (51). 

Gatmtl  hendtpfuroidal  direct  nbitkxt.  (First  form). 

Now  the  formulae  (132),  (134)  rerpectively,  tugger?  the  following  general  direct  solution  over  the 
hemiapheroid: 

from  U»o, -d  +  Ptfat  2o,  ~Ftta4o, 

0,«Ufd-Pttn20,  +  Ftin4o, 

Oj  ■U»Ptin2U  +  M«in4U 

wthaveAo-o,  -o,  *d*P(tin2U-*t201)*Ftta40l  -Mtin4U  (135) 

Now  rfn  2U  ■  tin  3fo,  -  d)  cot  2£  ♦  cot  2(o,  -  d)  tin  2£ 

tin  4U  *  tin  4(o,  •  d)  cot  4£  +  cot  4(o,  -  d)  tin  4£,  (136) 

where  £  »  P  tin  2o,  -  F  tin  4o, . 

With  the  approximations  tin  x  «  x  -  x*  16,  cot  x  •  1  -  x’tf,  where  x  -  21, 4£  and  rejecting  terms  who* 
coefficients  are  .3  X  1<T*  or  lest  in  u&tg  the  nhtet  of  P,  F,  M  ■  P*  +Q  from  (11 6),  we  find 
P tin  2U* Pain  2(0, -d)  +  2P*  tin  2o,  cot  2(o, -d) 

M*»4U-(F  +  P*)tfa4(0,-d)  *l37> 

the  values  from  (1 37)  placed  ta(l35)  tad  use  of  tome  trigonometric  identity  enable  ut  to  write 
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(138) 


Ac  =  o,  -a,  =  d-2P«ndcoi(2ff|  -d)  {1  -2Pcoi2(o,  -d)J  +  2F  sin  2d  cos  2(2o,  -d) 

Eo  *  Ci  +  Cj  *  2o,  -  Ac. 

From  equations  ( 1 28),  ( 1 33),  and  ( 1 38)  we  assemble  the  formulae  for  the  general  direct  hemispheroidal 
solution: 

tan#,  *(l-f)t*nAt,M*cos#o*cos#i  sma,_j,N*cos#,  cosa,.,, 

c ,  *  fM,  c,  *  ( 1  /4)ft  1  -  M3 ),  A  *  ci  -  2B,  B  -  ( 1  /2)c,  c, ,  D  -  ( 1  -  c,  )*  -  AM, 

E  * Cj  +  BM,  F  * (l/4)cjJ , P  ■  E/D, Check:  AM -2BM  +  D  +  2E -4F  -  1. 
ox  =arccoa(sin0j/sinfl<>).  d*S/aD, 

Ac*d-2Psjndcos(2ct  ~d)(*  -2Pcos2(at  -d))  +  2F  sin  2d  cos  2(2ot  -d) 
cos(2ci  -  d)  *  cos  2(o,  -  d)  cos  d  -  ain  2 (a,  -  d)  sin  d,  (139) 

cos  2(2 c,  -d)  3  2  cos3  (20,  -  d)  -  1 , 

Ea  *  2 0,  -  Ac,  tan  at.t  3  M/(N  cos  Ao  -  sin  0,  sin  Ac) 
tan  3  -  (sin  9 1  cos  Ao  +  N  sm  Ao)  sin  a,_,  /(l  -0M, 

tan  Ai?  =  sin  Ac  sin  a,  ^/(cos#,  cos  Ao- sin  9,  sin  Ao  cos  a,.)) 

AX  =>  At?  -AAo  +  2B  sin  Ao  cos  Eo,  Check;  M  3  cos  6,  sina,_j  *cos<>,  srnOr+aj.,) 
We  arrange  equations  (139)  as  follow  for  construction  of  a  computing  form: 
tan 0,  ”(l~Qtan0i,M*cot0Q*cott>t  sjna,_,,N*co$0,  cosa,., , 

c,  “fM.Cj  *(l/4)f(l-M3),D*(l-CiX*  “cs  “C,M),P*Cj(l  +(l/2)c,M)/DI 
coso,  •  sin 0, Ism  0O, d»S/aD,u ■2(ol  -d),W  *  1  -2Pcotu, 

V  ■  cos(u  ♦  d) »  cos  u  cold- sin  u  sin  d,  (140) 

X  «  ci  sin  d  cos  d  (2V»  -  1),  Y  «  2PVW  sin  d, 

Ao  »  d  +  X-Y,  Io«2oi  -Ao,Una,.t  *M/(N  cos  Ao  -on  0,  sin  Ao), 
tan  4,  ■  -(sin  0,  co«  Ao  +  N  sin  Ao)  an  a, 1  -  f)M, 
tan  Aq- tin  Ao  sma,.,/(co«0,  cot  A/;  -  sin  0,  sin  Ac  coso,.,), 

H»c,(l  -  c})  Ao  -  c,Cj  tin  Ao  cos  Eo,  AX  *  Aij-  H,  X,  *  X,  +  AX, 

Check:  tin  a,  4  »  cot  9j  tut  (it  ♦o,.,). 

Figure  18  show*  equations  (140)  arranged  in  a  computing  form. 

General  kemisphemidmt  d¥tct  solution.  (Second  form) 

With  the  hope  of  reducing  the  number  of  trigonometric  functions  involved,  a  second  solution  was 
developed  which  involves  sucoeoivt  solution*  on  two  spheres.  The  fomattbe  art  identical  in  acme  instances 
to  those  of  the  first  solution.  The  quantities  are  the  ame  in  some  ceaes  but  appear  in  different  form  with 
reaped  to  formulae.  The  principal  difference  is  in  obtaining  A a.  The  solution  from  there  on  is  identical. 

The  formulae  are: 

tan 8,  »(l-0  Ua#,,M« cos#, ■  eot0,  *inft,.j,N»«s#,  cma,.j,c,  “flf.cs  «0/4fl(l-M3). 
coso,  *da0,/in#*.d»S/b,T  *  d/sin d,  V»l  eh«in3#i.h»0'2(f/(I  -M1). 

*rn#i  *tfc#,  cosd*Nsnjd,B* Vsin#,  in#‘,,C»T -cmd,L«AC*2B.D*4(BeL)-Acosd, 
E  «  8B(B  *  Tw)co*d,P -  2AD  ita*  d,Q  *  XA*  ♦  E.  Ao  •  bndfT  -0/»L  ♦  (h3 /!6)(P ♦  OW , 

(141) 
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DIRECT  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  <t>x ,  X, ,  a, ,  S  to  find  <h .  X, .  .  East 

longitudes  positive;  azimuths  clockwise  from  north;  no  root  extraction;  only  8-place  trigonometric  natural  tables 
(as  Peters)  required  for  desk  work. 


_ _  SPHEROID  a _ m  f _ 

1  -  f -  1  radian  =  206264.8062  seconds 


LINE 


.TO. 


tan  <f>  i 


“i-j, 


„sin  0| 


.  COS  0  I 


tan  0i  =  (1  -  0  tan  0| 

- 0, 


sin  a,  _2 _ 

COS  Ct|  .j  _ 

C|  =  fM _ 

Cj=fc(l-MJ)f _ 

cosoi  =  sin  6 ,  /sin  0O . 

d=S/aD  _ 

sin  d _ 

cos  d _ 


M  =  cos  0O  =  cos  0 1  sin  at  ,2 
N  =  COS0t  COStti.2  _ 


•  0o . 


sin 


- o  1 

.(rad)  d 


V  =  cos  u  cos  d  -  sin  u  sin  d_ 
X  -  cl  sin  d  cos  d  (2VJ  - 1 ). 
sin  Ao _ 


u-  2(oi  -d). 
W  =  1  -  2P  cos  u 


cos  Ao. 


cos  So. 


tan  aj  .i  =  M/(N  cos  Ao  -  sin  0  {  sin  Ao)  _ 

,  ,  -(sin0,  cosAo  +  N  sin  Ao)sina3- 

- (uom - 


.  sin  Ao  sin  0| 

tan  Aij  *  — 2 - t - r— s — : — j - 

cos  0 1  cos  Ao  -  sin  0 1  sin  Ao  cos  Oi  ,3 

H*ct(l  -C2)Ao-CiC2  sin  Ao  cos  So _ 


CHECK 

M  *  cos  Bn  *  cos  0 1  sin  c»i.2  *cos02  sin(l80  +  c«2.i) 


D  =  (I-CjKi-C2-c,M). 

P=c2(l +  Vk,M)/D 
/  » 


Y  =  2PVW  sin  d 
Ao  =  d  +  X-Y 


sm  u  - 
cos  u. 


.  Ao. 


So  =  2oi  -Acr 
_  «i-i 


sin  a2.i 

<h 

Ar? 


Jrad)  H 
AA  =  Ai?-H. 
*i 

Xj  =  X,  +  AX. 


m 


.(rad) 


// 


Fifur*  18.  First  direct  solution  computing  form. 


(141) 


£c  *  2a,  -  Ac,  tan  a2_j  -  M/(N  cos  Ac  -  tin  6,  an  Ao), 

Un4j  =  -{tin  0t  cot  Ac  +  N  tin  Ao)  sinaj.j/(l  -  f)M, 
tin  Ajj  «  sin  Ao  an  a j  .j  /(cot  0 ,  cos  Ao-  tin  0,  sin  Ac  cot  aj_2) 

H  =  c,(l  -c2)Ac-c,c2  sin  Ac  cot  2o,  AX  *  At?  -  H,  X2  *  Xj  +  AX. 

Check:  M  =  cot  0O  sin  aaJ  *  cot  02  tin (»  +  03.1). 

In  essence,  one  solves  for  Ac  through  two  spherical  triangles.  With  a,  0t ,  and  d  ■  S/b  one  solves 
for02  in  the  triangle  of  Figure  19,  by  the  formula  sin  02  *sin0i  cosd  +  N  ttnd.  With  this  value  of  02, 
one  computes  the  several  quantities  including  Ac  and  then  one  so  Wet  for  Qj., ,  02 ,  At?  in  the  tmngle  of 
Figure  20  as  was  dote  in  the  first  general  direct  solution,  equations  ( 1 4G). 

The  second  method  appears  to  be  sdgh  tfy  less  accurate  than  the  first,  end  little  If  anything  d  sored  In 
computation.  Figure  21  shows  equations  (141)  arranged  in  a  computing  form. 

Conventions  for  azimuth  and  longitade 

We  assume  the  initial  is  west  of  the  terminus  in  the  direct  solution  and  then  always  0<Oj.2  <  180®, 
0<  Aq<AX<*.  We  find  the  first  quadrant  angles  v  and  v  given  by  tanu*  Itanaj.]  |,tanv«|tan  Ai?|. 

iftanoj.,  >0,thena2.1  *  180°  *  u;if  t*r.a2_t  <0,  then  a2_,  =  360°  -u.  If  tan  Aij  >  0,  then 
Aij  =  v;  if  tan  Aij  <  0,  then  An  =  180°  -  v. 


Figure  19.  First  spherical  iota  bo  e-second  direct  solution 


Figure  20.  Second  spherical  sotution-eecond  direct  solu¬ 
tion  method. 
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DiRECT  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  fa ,  X, ,  or, .7 ,  S  to  find  02,Xj,  or2 _t .  East 
longitudes  positive;  azimuths  clockwise  from  north;  no  root  extraction;  only  8-place  trigonometric  natural  tables 
(as  Peters)  required  for  desk  work. 


1  ~  f  =  b/a 


_ SPHEROID  a. 

_  f _ 


.  m  b. 


1  radian  =  206264.8062  seconds 


h  -  Vi  [i/(b/a>2  -  I{ . 


LINE 


fa 

S_ 


tan  0j  _ 

9  t 


,m  0, 


Qi-a  _ _  - 

d(rad)  =  S/b  + _ 

M  =  cos0,  sintti.j . 
N  -  cos  0 ,  cos  a,  ,2 . 
A  =  V (I  -MJ)+_ 
C  =  T  -  cos  d - 


sin  at  .2 
d _ 


T  =  d/sin  d  + . 


D  =  4  (L  +  B)  -  A  cos  d - - 

P=2ADsinJ  d _ 

A o  =  sin  d  (T  -  (h/2)  L  +  (h3/16)(P  +  Q)j  + 
sin  Ao _ 


Q  =  3AJC  +  E 


cos  Ao. 


cos  2o _ 


tan  o>2-\  ~  M/(N  cos  A o  —  sin  2  sin  Ao) _ 

,  .  -  (sin  0 1  cos  Ao  +  N  sin  Ao)  sin  a2., 

tan02 - (TTfjM- - 

.  sin  Ao  sin  on  _2 

tan  At,  *  — 3 - 7 - —3 — - 

cos  0 ,  cos  Ao  -  sin  0 ,  sin  Ao  cos  a,  ,2 

H«=C|  (I  - c2)  Ao  -  C| c2  sin  Ao  cos  2 0 _ 


C|  *  fM _ 

c^KAd-M3) 

CHECK 
M  ~  cos0o 


TO. 


sin  0| 


cos  a,  .2  • 
sin  d  +  — 
cosd  _ 


V=l+hsin30!+  _ 

B  ~  V  sin  (N  sin  d  +  sin  9|  cos  d) . 
L  =  AC  +  2B _ 


E  =  8B(2L  +  B)cosd 


P  +  Q 


0, 


Ao _ 


2o  =  2ot  -  Ao _ 


a2., 


■sin  a2.i 
fa  . 
--  At, 


- (rad)  H 

AX  =  AX  =  At,  -  H 
X, 


0O  =  cos0(  sir.ai.j  acos02  sin(180  +  a2.|)  X2  =X|  +AX 


Fid m  21.  Second  direct  aothttun  computing  form. 


.  1T1 


tan  d j  =(1  -0  tan  fa. 
_  cos  0 .  +  _ 


A* 


// 


tf 
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General  hemkphsroidjl  invene  (reverie)  solution 

The  following  geodetic  length  approximation  for  the  inverse  (reverse)  solution  between  two  points 
P,(0,,  Xj ),  P}(0] ,  X2)  of  the  reference  ellipsoid,  was  developed  by  the  author,  following  the  method  of 
Forsyth  [20] ,  and  published  in  [18] : 

S  =  a  [d  -  (f/4)(Xd  -  Y  sin  d)  +  (f1  /64XAX  -  BY  +  CX*  +  DXY  -  EY1 )] , 


cos  d  =  sin  0 !  sin02  +  cos  0 !  cos02  cos  AX,  AX  =  X2  -Xt,  (142) 

B  *  8d*/sin  d,  A  =  B  cos  d,  D  =  B/2,  E  =  2  sin  d  cos  d,  C  =  d  +  ( 1/2XE  -  A), 

X  =  (sin0i  +sin0j),/(l  +cosd)+(sin0j  -sin02)2/(l  -cosd)- 2sin1  0{,, 

Y  =  (sin  0 1  +sin02)J/(l  -cosd)  -(sin0t  -  sin  )3  /(I  -cosd)=Xcos(di  +  d2). 


where  9'0  is  the  vertex  of  the  great  elUppc  section  through  Pi ,  P2  (contains  the  center  of  the  ellipsoid)  and 
di ,  d2  are  the  spherical  distances  from  this  vertex  to  the  points  P2 ,  P2 ;  (d  s  dt  -  d2).  Other  trigonometric 
formulae  may  be  used  to  obtaiyme  most  accurate  value  of  d.  Figure  22  shows  the  spherical  elements 


!  most  accurate  value  of  d.  Figure  22  shows  the  spherical  elements 


involved. 


0q  is  the  parametric  latitude  of  the  vertex  of  the  treat  elliptic  section.  In  the  spherical  triangle  NPtP2  we 
have  coid*  sin  0i  dnfl2  +  eot0^  co»  02  cos  AX.  In  the  right  spherical  triangles  NPoP] ,  NF<>P2  we  have 
selectively  cosdi  »  sin0[/iin0o,  coid2  ■  tin  0 2/«in  0o.  Thus  di  and  d2  are  analogous  to  <7)  and  Oj, 
equations  (114)  and  Figure  11,  where  0O  is  the  parametric  latitude  of  the  geodetic  vertex. 

Figure  22.  The  spherical  triangles  used  in  the  inverse  approximation. 
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To  assure  the  belt  trigonometric  solution  for  d,  we  adapt  mid-latitude  formulae,  reference  [18} , 
page  87.  We  factor  tin  d  out  of  each  term  and  write  equations  (142)  in  the  following  form  for  computing 
(east  longitudes  considered  positive): 

Intern  (Reverse)  Solution  Formulae 

tand|=(l -f)  tand,,i»  1,2.  9m  «(l/2X«i  +*i),ddm  =(Wi -«i), 

AX  =  Xj  -Xj,  AX*,  *(l/2)AX,H  =  cos*  A0m  -sin*  0m  =  cos*  6m  -sin*  A0m, 

L  »  sin*  A0m  +  H  sin*  AXm  =  sin*  (l/2)d,  1  -L*  cos*  (l/2)d, cos d  =  1  - 2L, 

U ■  2 sin*  0m  cos*  Adm/(1  -L),V*  2 sin*  Aflm  cos*  0m/L,X  =  U  +  V, 

Y *  U-V,T  *  d/sin  d,  D  ■  4T* ,  E  ■  2  cos  d,  A  *  DE,  B  ■  2D, 

C  * T  - (1/2XA  - E); Check:  C-(1/2)E  +  AD/B  =  T.  (143) 

n,  «  X(A  +  CX),  n,  «  Y(B  +  EY),  n3  «  DX Y,  6 ,  d  =  ( 1  /4)f(TX  -  Y), 

81d“(f*/64Xni  -n2  +  ns),Si  ■  asind(T-5,d),Si  *a  sin  dCT-8td  +  6jd), 

F  «  2 Y  -  E(4  -  X),  M  *  32T  -  (20T  -  A)X  -  (B  +  4)  Y, 

G«(l/2)fT  +  (f*/64)M, Q  =  -(FG  tan  AX)/ 4,  AX^  « (1/2XAX  +  Q), 
c,  *  -sin  Adm/(cosflm  tan  AXjn^usgrctanlciI.ai  =  v-u, 

Cj  *  cos  A0m/(sin  0m  tan  AXj„),  v  ■  arc  tan  IcjI.Oj  »v  +  u, 


C| 

Cj 

®1-1 

Oi-I 

- 

+ 

*1 

360 -Oj 

+ 

+ 

<*a 

360  -a, 

- 

- 

180  -Oj 

180  *  ai 

+ 

- 

180 -a. 

180 +  a2 

The  principal  difference  in  equations  (143)  and  those  of  reference  [18]  page  87,  is  the  arrangement  for 
Ft  to  be  always  west  of  Pi,  east  longitudes  positive,  and  the  addition  of  azimuth  equations  to  second  order 
inf.  The  azimuths  are  an  adaptation  of  Guggenheim's  equations,  reference  [23] ,  where  conversion  has 
been  made  to  parametric  latitude  and  terms  tranrformed  into  the  parameters  used  in  the  length  computa¬ 
tions.  The  arrangement  for  identifying  the  azimuths  without  the  quadrant  search,  as  displayed  in  the  hut 
of  ( 143),  win  be  generated  in  a  discussion  of  azimuths  to  follow. 

Azimuth  datarmfcatioa  in  the  inverse  sohtfea 

With  the  point  Pt  always  west  of  P2 ,  east  longitudes  positive,  we  must  establish  some  conventions  in 
order  to  determine  the  azimuths  from  north.  In  a  spherical  trisngle  P,NP2 ,  as  iiown  in  Figure  23,  we  hsve 
the  corresponding  parts  u  indicated:  B»al.J,A«360-a*.i,a"90-d|,b"90-d*,0  AX' and 
(1/2XA+B)-180‘+(1/2X«,^-«*J).(1/2XA-B)-  lW-(l/2X«,-,  ♦«*.,), 
(l/2Xa-b)-(l/2Xd,  -«,)-Adlt.<l/2X«+b)-90,-O/2X»»  ♦•a)»90-#ai,  (144) 

C/2-(l/DAX'-AX;. 

From  Guam's  equation,  reference  [19]  pegs  162: 

tan  R1/2XA+B)]  -cos  f(l/2X»-b)l/coe  Kl/2X»*b)l  t*n  gl/QC). 
tan  J0/2XA-B)!  -sin  |(l/2X«-b)]/Hn  I(l/2X*+b)J  tan  ((1/2)C}. 


64 


The  values  from  (144)  placed  in  ( 145)  give 

tan  l(l/2Xat-i  +  «a-i)l  =  -sin  A6W/ cos  0m  Un  AX^  =  c, , 
tan  [(l/2Xfii  -2  -  a2., )]  =  cos  A0m  /sin  6>m  tan  AX^  -cj. 

The  formulae  (1 46)  were  given  with  equations(143)  where  AX„  is  the  mean  longitude  difference  as 
corrected  to  account  for  the  ellipsoid. 

Since  1 6ffl  M  (l/2X«i  +  0,)  I  <  90°  and  I A0*  I  - 1  (1/2X02  -6|)  I  <90°,  then  always 
cos  (±  0m )  >  cos  (±  A0m)>  0.  Always,  since  east  longitudes  are  positive,  with  Pt  west  of  Pi  AX  >  0, 
AXg,  >  0,  AXJ„  >  0.  Hence  the  signs  of  Ci  and  c2,  in  equations  (146)  depend  only  on  the  signs  of  sin  A0m 
and  of  sin  0m  respectively.  NowFigure  24  shows  all  the  possible  azimuth  situations,  0i  #  8t ,  from  which 
the  corresponding  signs  of  sin  A0m  ■  sin  ((1/2X02  -0i)] ,  sin0m  *  sin  ((1/2X01  +  0i)J  can  be  determined. 
A  summary  of  sign  conventions  as  obtained  from  Figure  24  and  equations  (146)  is  given  in  Table  4. 

If  we  Find  the  first  quadrant  angles  u  and  v  corresponding  to  tan  u  *  I  c,  |,  tan  v  - 1  c2 1  and  then 
form  a(  s  v  -  u,  a2  s  v  -f  u,  we  may  determine  all  azimuths  from  Table  5. 

(C) 
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Table  4.  Summary  of  azimuth  sign  conventions. 


Figure 

Sin  £J)m 

Sin  0m 

Latitude  Conditions 

C; 

IA,  IIA 

+ 

+ 

0i  >  0, 0j  >  1 0, 

1 

- 

j. 

IB,  UB 

- 

+ 

0,  >0,0,  >|0, 

1 

+ 

+ 

fflA.IVA 

- 

0,  <0,10,  |>0, 

- 

- 

IIIB.IVB 

- 

- 

0,  <O,|0,|>0; 

i 

+ 

- 

Table  5.  Azimuth  determination  in  the  inverse  solution. 

Figure 

Latitude  Conditions 

Cl 

Cl 

o»-i 

0,-1 

1AJIA 

0,  >0,0,  >10,  | 

- 

+ 

at 

360 -a. 

IB.IIB 

0,>o,0,  >10,  I 

+ 

+ 

«, 

360 -a, 

IIIA.IVA 

0,  <0,10,  |>0, 

- 

- 

180-0, 

180  +  a, 

IIIB.IVB 

0i  <0, 1 0j  I  >0, 

+ 

- 

180  -a, 

180  +  a, 

The  last  four  columns  of  Table  5  are  given  with  equations  (143)  end  in  effect  eliminate  the  quadrant 
search  since  it  has  been  done  In  advance.  Figure  25  diows  equations  (143)  arranged  in  a  computing  form. 

Direct  and  inverse  soiutioas  of  naudmam  ipberoidal  geodesic*,  node  to  node,  vwtex  to  vertex 

Vertex  to  vertex.  The  direct  and  inverse  are  identical  since  the  end  points  of  the  arc  are  the  vertices 
and  the  longitude  difference  and  length  are  given  by  equations  (33)  or  (54).  Azimuths  are  90°  and  270°. 

Node  to  node.  For  the  direct,  0O  *  90° -aKJ,  longitude  and  length  are  then  given  by  equations 
(33)  or  (54).  The  bach  azimuth  is  given  by  o,_,  ■  270°  ♦  08.  For  the  inverse,  we  are  given  AX«  »X,  -X, , 
i.e.  the  end  point*  ate  P|  (0,  Xj ),  Pj(0,  X,)  on  the  equator,  and  we  have  two  cases: 

1.  AXo<s(l-Q.  The  distance  P,P,  isS^aAXc  and  azimuths  are  90*  and  270*. 

2.  *(I-f)<AX0<#,  The  nodes  are  in  the  respective  antipodal  tones.  In  the  first  of  equations  (33) 
we  place  sin*  0«  "  1  -cos*  0O  and  write 

(1  -AXo/sr)«f(l  -f/4-f*/l6)cos0*  *(l/4)f*(l  -f/2)cos*  $0*3f  cos*  t9/l&,  (147) 

Using  l/(l  *x) « 1  +  x  ♦  x*  4 . . ,  we  may  write 

O  •  (1/fXl  -  f/4  -  f*/l6>  •  (l/0f  I  ♦  .74  ♦  2(f/4)*  ♦  3(f/4)*  1 4(f/4)*  *...) 

We  then  write  (147)  as 

cos  0„  t  u  cos*  0e  -  v  -  D(  I  -  AX,/*),  u  •  D(  l/4)f*(l  - 1) 2)  -  f/4  -(f/4)* , 

D  ■  (1/0(1  ♦  f/4  ♦  2(f/4>* } , 

where  unnecessary  terms  have  been  omitted. 

Finally  the  formula  for  v  is  reversed  in  ( 148)  and  with  the  equation  for  S,  from  f 33)  ws  write  for  the 
Inverse  solution 

cnafi*  •v-t«v*,v»D(l -4X#/*).w^-(f/4),.D*(l/0ll  *  f/4e  2(f/4)*J, 

««.»  -  90* o»j  ■  270*  ♦  l„  S,  -  »(!  -  2«?4)A  ♦  (f/4)*B  ♦  2(f/4)»C|,  (149) 

A»  I  ♦  oos*0«,  B  ■  (1  ♦  3  coe*  0*XI  -cos*  #*), C *  (i  ♦  2  cos*#*  ♦  3  oos*  f *). 

(I  -  cos*  #*). 
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Now  when  60  a  0  in  (149)  we  get  B  *  C  -  0,  A  •  2,  S0  *  ax(l  -  0.  v  *  Df  ■  1  +  f/4  +  2(f/4)J , 
uv*  ■  f/4  +  2(f/4)1 ,  co»  0o  *  v  -  uv3  ■  1,  a,.,  *  906,  a,.,  ■  2708,  which  it  cue  1  with  the  equality 
tjgn  and  AX<,  *  «(1  -  0-  When  60  •  ir/2,  AX,^2  «  ir,  v  »  0,  uvJ  *  0,  cos  $0  *  0,  A  »  B  *  C  *  1 , 

S,,^  ■a*(l-f/2  +  f,/16  +  f3/32).  the  meridian  lemilength,  aee  equations  (34). 

Direct  and  hnene  computation  of  the  ACIC  6000  nde  lines 

To  begin  the  evaluation  of  equations  (140)  and  (143),  u  arranged  in  the  forms  of  Figures  18  and  25, 
the  nine  ACIC  6000  mile  lines  were  computed.  The  results  are  compared  in  Table  6  and  die  actual  compu¬ 
tations  displayed  in  Appendix  3.  Note,  for  the  meridional  limiting  case  of  the  direct  solution,  that  when 
fl0  “  90°,  then  cos  o,  -  sin  0,  «cos(90°-d,)oroi  -90°-6,,o,  ■90*-d1.N«cosd,,  A<*«o, 

-  oj  -da  -d|.  Using  the  identity  cosd  |  sin  a,.,  *-co$d,  sin  a,-,,  we  hive 

(sind,  cosAo+cosd,  sinAo)tina,.,  sin(d1+Ao)  sinda  tanda 

tan  Pa  ■ - - —  * - * - * - , 

-(l>Qcosda  sinaa.i  (l-f)cosd,  (l-0oosda  (1-0 

and  a,.,  »0,a,.,  ■  360°,  da  «90 °  +  o,  -  Ao.  Hence  in  the  limit  tan  p,  ■  tan (90*  +  o,  -  Ao)/(  1  -f). 

Table  6  shows  that  good  results  were  obtained  using  only  8-pkce  tables,  (Peters).  The  mextmwn  dtf 

ferenct  in  length  for  the  control  value  of 9655977. 366  mettn  h -.189  mtter,  the  mbtbmm  difference  b 

*.004  meter,  end  the  mean  difference  for  the  nine  tine  poMtions  it  -.044  meter.  AB  theenguler  mkmere 

fkt  checki  or  et  most  .003  ucond  from  the  control  mb*.  These  resuiTs  mt  better,  el  6000  mitt,  then  tht 

adopted  criteria  (1  meter,  .035  arc/  by  e  factor  of  10  for  both  dktmce  and  mfnlmqamrttki 

Complete  check  at  direct  and  reverse  fohrtfcma  am  a  IwafephefaMai  gaodedc 

In  order  to  test  for  all  the  cases  u  delineated  in  Table  2,  we  construct  a  geodesic  model  as  given  in 
Figure  26  containing  the  given  initial  and  terminal  points  of  the  ACIC  6000  mils  chack  line  having  the 
hugest  vertex  parametric  latitude  (excluding  the  meridian),  i.e. 

I  (initial)  P,»70\d, -69*56' i4:59Q,X,-- 18* 

T (terminua)  p,  •  17*  06'  38!3I7,  d«  •  17*  05'  21T296,  X,  •  1 14*  18’  43T800 

p,  •  76*  00*  26:$4|,d,  -  75*  $t  42T0S3.S  -  965S977366 meters  (150) 

-45\<s,.t  •  345*  17' S6T277 
From  our  geodesic  modal,  Figure  26,  we  chooet  the  arcs: 


V,P, 

AX, 

Si 

A  vertex  and  ooint 

V.V, 

AX, 

s* 

Con  tabu  two  vertices  (end  points) 

P.N, 

AX, 

s, 

A  node  end  point 

N,P, 

AX, 

s, 

A  node  red  enint 

P.P* 

AX,  *  AX, 

S,  *5, 

Contains  i  node  (151) 

P»l 

AX, 

s. 

nahhei  nodi  nor  vertex 

P«P» 

AX, 

s. 

Contain*  a  node  and  a  vertex 

V,T 

AX,  *  AX, 

s,  *$, 

A  vertex  end  point 

IT 

X,  -X,  ■  2AX,  *  AX, 

2S.eS, 

Given  AOCitat— contains  a  vertex 

TN, 

AX, 

S, 

A  node  and  point 

N.Ha-V.N,  eN.V, 

AX, 

S, 

Containt  two  nodee(and  pointy 
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Foe  control  we  compute  AXo ,  AX, ,  AXj ,  AA3 ,  AX,  and  S0,  St  ,S2>  S3.  S,  from  equations (47^(54). 
This  provides  incidentally  a  check  for  the  AC1C  line  ( 1 50).  The  computations  are  included  in  Appendix  3. 
The  values  obtained  are: 


AX0 

179 

51 

07.553 

So 

20001779.136 

AXi 

46 

46 

49.167 

s, 

1611471.024 

AXj 

43 

08 

44.610 

Si 

8389418.545 

(152) 

AXj 

4 

23 

J9.1 "6 

Si 

1956383.534 

AX, 

38 

45 

05.464 

s4 

6433035.010 

From  the  longitude  values  of  (152)  and  the  given  line  (ISO)  we  have  the  coordinates  of  the  points: 

Point 

e 

X 

v, 

0 

-  75 

t 

57 

W 

42.053 

O 

-  151 

1 

04 

n 

18.387 

P. 

-  69 

56 

1X590 

-  104 

17 

29.220 

N, 

0 

-  ol 

08 

44.610 

Pi 

+  17 

05 

21.296 

-  56 

45 

05.464 

I 

+  69 

56 

14.590 

-  18 

0 

0 

053) 

Vi 

+  75 

57 

42.053 

•  28 

46 

49.16/ 

Pi 

+  69 

56 

14.590 

+  75 

33 

38.334 

T 

+  17 

05 

21.296 

+  114 

18 

43.798 

N, 

0 

+  118 

42 

22.944 

From(150),(152) 

we  may  write  the  values  for  (151)  including  azimuths: 

Line 

AX 

S  (meters) 

<*1.1 

<*a-i 

0  » 

W 

O  t 

n 

O  » 

If 

v,p, 

46  46 

49.167 

1611471.024 

90 

225 

v,v2 

179  51 

07.553 

20001779.136 

90 

270 

P|N, 

43  08 

44/ *0 

8389418.545 

45 

194  02 

17.947 

N.Pi 

4  23 

39.146 

1956383.534 

14  02 

17.947 

194  42 

03.723 

P.Pi 

47  32 

23.756 

10345802.079 

45 

194  42 

03.723 

Pal 

38  45 

05.46* 

6433035.010 

14  42 

03.723 

225 

(154) 

Pi?s 

179  5, 

07.553 

20001779.136 

45 

315 

VjT 

85  31 

54.631 

8044506.034 

90 

345  17 

56.277 

If 

132  18 

43.798 

9655977.058 

45 

345  17 

56.277 

TNj 

4  23 

39.146 

1956383.534 

165  17 

56.277 

345  57 

42.053 

NjNj 

179  51 

07.553 

20001779.136 

14  02 

17.947 

345  57 

42.053 

By  comparing  the  properties  of  the  lines,  as  delineated  in  (151),  with  Table  2,  it  is  seen  that  the 
computation  of  hemispheTokUl  geodesics  and  arcs  of  ( 1 54)  is  sufficient.  Note  that  the  lines  V,  VJt  P|P3, 
Na  Nj  are  maximum  hemispheroidal  geodesics  under  the  unique  shortest  distance  property,  i.e.  node  to 
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node;  vertex  to  vertex;  points  in  equal  but  opposite  signed  latitudes  separated  by  maximum  longitude  (that 
between  successive  nodes  or  successive  vertices). 

We  first  dispose  of  the  computation  of  the  equal  maximum  hemispheroidtl  geodesics  V,  VJf  Ni  N2, 

PjPs. 

F,  Kj .  Since  the  direct  and  inverse  are  identical,  the  end  points  of  the  arc  are  the  vertices  i  60  ;one 
may  compute  A  and  D  from  (49)  and  then  AAo  and  So  from  (54).  This  has  already  been  done  and  the 
computations  are  given  in  Appendix  3.  Azimuths  are  always  at  .2  =  90°,  <h-t  n  270®  (second  vertex 
always  east  of  the  first). 

Note  in  equations  (143)  that  the  term  T  *  d/sin  d  grows  very  large  when  d-»x.  Now  from  equations 
(142)  with  5 2  *  -6,  =  -d0>  AXo  *  r  -  2Xo  we  haw: 

-  Y  *  X  =  2  sin2  9'3  *  4  an5  d0/(i  *•  cos  d)  *  2  sin*  d0/sin3(d/2). 
tan  do  s  sin  d0/cos  d0  cos  X« ,  cos  (d/2)  *  cos  d0  sin  Ao,  cos  d  »  2  cos3  (d/2)  - 1 , 

S  *  a[d  -(f/4)X(d  ♦  sin  d)  +  (f*/64)X{X(d  -  sin  d  cos  d)  +  4da(2  -  X)  cot  (d/2)}l  (155) 

w.iere  do  is  the  vertex  parametric  latitude  of  the  great  elliptic  section,  see  Figure  27. 
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si 


W'  / 
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The  great  elliptic  lection  containing  the  geodesic  vertices  Pi ,  Pj  hat  the  antipodal  vertices  P’i ,  Pj  and 
passes  through  the  point  Q  u  shown.  Its  plane  has  the  equation  tan  d  “  tan  do  me  \)  cos  \.&o,  as  given  by 
equations  (33),  it  related  to  \>  by  "it- 2\),andOo  ■  a/2  -d0.  The  arc  lengths  Pi  QPj,QPiR,Q,PR 
are  all  equal  maximum  hemitpheroidal  geodesics  under  die  shortest  distance  property. 


Figure  27.  The  grtat  elliptic  section  containing  two  ooaascsitivt  vertices  of  the  geodesic. 


From  the  control  computations,  Appendix  3,  AXo  =  179°  51’  07?554,  and  hence  Xo  =  (l/2Xff-AX0) 
«4'26!223; 

tin  Xo  a  .00129069,  sin  0O  =  .97013371,  cos  0O  =  .24257076,  cos  (d/2)  =  cos  60  sinXo 

=  .00031308, 

an  (d/2)  =  .99999995,  sin  d  =  2  sin  (d/2)  cos  (d/2)  =  .00062616,  cos  d  =  2  cos1  (d/2)  - 1 

=  -.99999980, 

cot  (d/2)  =  cos  (d/2)/sin  (d/2)  =  .00031308,  d  =  179°  57'  50*846  =  3. 140966498  radians, 

d-sindcosd  =  d  +  sind  =  3.141592658  =  n,  a  =  6378206.4  meters 

S  *  a(3. 140966498  -  .005011785  +  .000001999)  =  (6378206.4X3.1 35956712) 

=  20001779.171  m, 

which  is  within  .035  meter  of  the  control,  Appendix  3. 

NtNt .  For  the  direct  solution,  0O  =  90°  -  a,  „2 .  A,  D  are  computed  from  (49)  and  AX0 ,  So  from 
(54).  For  the  inverse  we  are  given  AXo,  whence  we  have  two  possible  cases  as  described  in  (147).  For  our 
case  the  second  solution  is  appropriate  and  we  solve  for  0O  and  then  So  from  equations  (149).  The  calcula¬ 
tions  are  given  in  Appendix  3.  Note  that  there  are  two  solutions  symmetric  with  respect  to  the  equator  for 
this  reverse  problem. 

P\P$.  For  the  direct  solution  we  are  given  0i,ai.}  and  we  have  0O  from  equation  ( 10),  cos  0O 
=  cos  0i  sinai.2.  AXo, So  are  then  given  by  (54)  after  computing  A  and  D  from  (49).  02  =-0t, 
aj.t  -  360° -a,2.  For  the  reverse  solution  we  are  given  0i,0j,Xi,X2  where  02  =  -0,,AX  =  X2  -X| 

=  AXo.  Prom  AXo  w«  may  solve  for  cos0o  and  thenS0  from  equations (149).  Then  sin  a,_2 
=  cos0o/cos0i,a2.i  =360°-au.  Since  there  are  two  solutions  (see  Figure  13)  the  alternative  azimuths 
are ai_2  *  180°-al.2,ai.I  =  180°  +  aU2. 

Comparison  of  direct  and  inverse  computations  of  the  geodesic  line  segments  of  ( 1 54)  are  given  in 
Table  7,  and  the  computations  ate  included  in  Appendix  3.  Over  lengths  of  1 .5, 2, 6, 8, 9.5, 1 0, 20 
megameters,  maximum  length  error  was  .26  m,  and  maximum  angular  error  was  .01 8  second.  All  values 
were  a  factor  of  2  to  10  better  than  the  assumed  criteria. 

A  geometric  limitation  in  the  inverse  solution 

Since  T  =  d/sin  d  grows  large  when  d  -*■  nr,  some  increase  in  accuracy  is  made  for  long  almost  antipodal 
geodesic  arcs  by  returning  sin  d  to  the  formulae,  that  is  using  them  in  the  form  of  equations  (142). 

However,  when  two  spheroidal  points  are  in  nearly  the  same  small  latitude,  and  separated  by  maximum 
hemispheroidal  geodetic  longitude  difference,  as  shown  in  Figure  28,  a  limitation  is  imposed  which  is 
purely  geometric.  An  examination  of  Figure  28  shows  that  the  separation  of  geodesic  and  great  elliptic 
vertices  may  be  large  where  P, ,  P2  are  in  the  same  latitude  and  near  the  equator  (in  the  antipodal  zones), 
because  the  great  elliptic  section  through  Pi ,  P2  always  contains  the  diameter  AA',  while  the  geodesic  does 
only  in  the  limiting  case  of  the  meridian.  In  fact  for  the  complete  hemispheroidal  geodesic,  node  to  node, 
the  great  elliptic  section  coincides  with  the  equator,  and  S  =  aAX,  for  all  such  hemispheroidal  geodesics  as 
given  by  equations  (142)  but  which  is  true  for  only  the  limiting  case  of  the  geodesic  equatorial  limiting  arc 
when  AX  ■  w(l  -  0.  equations (34). 
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The  pint  of  the  (Nat  tUfetk  now  hat  for  equation  ten  d  ■  taa  di  4a  X/ite  Xj .  Hrac*  the  vertex  of  tka 
peat  tttptic  It  givan  by  tan  0O  *  t»ndi/4n  X(. 

FfcesetS.  Tt»gM4a*aa4gwWi«pfc»*thwtittoi^twopphmhU>anmiihaiv<i. 

Thb  geometric Umitition applies also, unfortunately,  to  the  inverse solution u given  in reference  (4). 
Thie  geometric  singukrity  la  abo  inherent  is  any  aolution  baaed  on  the  oormai  eectioo  for  when  two  point* 
oo  the  geode*  are  near  the  equator  (seme  latitude)  aeparated  by  maximum  hemiaphetoidal  gscdeeic 
longitude  difference,  the  plane  common  to  the  normal*  at  the  geodesic  arc  end  points,  containing  the  com¬ 
mon  plane  section  vertex,  Has  near  the  equator,  whilt  the  goods*  vertex  is  near  the  pole. 

To  obtain  some  estimates  of  thin  limitation,  hemhptwroidal  geodesic*,  vertex  to  vertex,  were  com¬ 
puted  from  equation  (33)  and  (13$)  simuhaneouety  foreseen!  geodesic  vertex  paramedic  ktttudmai 
town  in  the  summery,  Teble  8.  From  Figure  28  we  have  the  vertex  parametric  latitude  of  the  great 
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dUptic  HCtion  given  by  tan  0o  »tan0,/sinX,  and  with  03  -  0,  we  have  from  (47),  (128),  and  (142)  the 
following  formulae: 

0o  ■  arc  sin  (tin  0i  /cot  d/2)  »  arc  tan  (tan  0,/iin  X,),  X  «  Y  *  2  in*  0'o, 
ski  d/2  *  cot  0,  coaX|, 

cosd  -  1  -  2  dnJ  d/2, X,  «8X,  +  »/2-AX«/2,  AX,  -r-2X,,  AX®  -0O -d'0< 

S,  -  a[d -(f/4XX(d  -  tin  d)  +  (f#/64)x{x(d  -  tin  d  cot  d)  -  4d*  (1  -co*d)(2-  X)/dn  d^, 
6X,  •  T-A0-B  in  2d,  7  *  arc  an  (tan  0, /tan  0®),,**  arc  tin(sjn0,/dn0o), 

8S, /a  ■  D0 - E  in  20 -  F  sin  4ft  14  -  cos 0O,  c,  -fM>Cj  -0/4*1 -M1),  A  «c,  -2B, 
B-c,Cj/2,D-(l  -Cj)*  -  AM,  E  ■  Cj  +BM,F -cl/4, a, ■  arc  in(coa0o/cos0,)l 
From  Table  8  we  have  S0  and  AX®  for  the  hemitpheroidal  geodesics  with  vertex  parametric  latitudes 
0®  •  5, 15, 30, 4S,  60, 7S,  85  degreei  The  values  of  A0  ■  0®  -  0O  given  there  are  for  the  hemispheroidal 
geodesic,  vertex  to  vertex.  Since  the  length  of  the  geodetic,  node  to  node,  is  the  same  and  longitude  dif¬ 
ference  is  the  same,  distances  and  longitude  difference!  were  computed  between  P.(0, ,  X, )  and 
Pj(0, , »  -  X,),  Figure  28,  at  follows: 


With  the  values  of  0,  *  30',  1*,$*,  10°  for  each  value  of  0®,  the  values  of  8X,,8S,  were  computed  from 
their  formulae  as  given  in  (156).  Thu*  X,  »$X,  +  w/2  -  AX®/2,  AX,  -*-2X,,S-S®  -20S,  were 
correspondingly  determined  which  define  the  control  for  each  geodetic  lheP,Pj.  Then  0®  and  St  were 
computed  from  ( 1 56)  and  the  corresponding  values  of  AS  *  S ,  -S,  A0®  *0® -0®,  S'*  S, /AS  obtained, 
ftsfr  geodesic  era  with  md  points  in  th*  same  ktitvdt  md  mptmtmi  by  itmcbmtm  gtodak  bngHmk 
turn r  fists  obsdnedl 

Table  9  givea  the  results  of  the  computations.  Figure  29  shows  the  graphs  of  0®  versus  A0#  *  ••  -0» 
ford,  -30',  1*,S*,  Iff  and  cone^onding  dietance  errors  over  maxhnum  geodetic  lengths,  10.6  to  19.9 
tnegsniitsft  ‘Inma  nnnriueinnr  may  he  ihsrm  from  theea  rsnitti  Under  the  distance  chterioa  of  one 
mstsr.when  two  paints  an  In  about  the  same  btfcsds.0,  >  10*.  separated  by  maximum  hemtspberoidal 
longhuda  difference  for  that  common  latitude  and  particular  gsodedc,  the  inverse  solution  holds  for 
geodesic  vertex  istituds  range  10*  <0®  <90*.  Under  the  ACIC  criterion  1/100000  for  distance,  the 
inverse  is  stthfactory  for  two  points  in  the  same  latitude  0,  >  I*,  for  urines  of  geodesic  vertex  latitude 
I*  <0®<9O*,  and  with  longitude  separation  maximum  for  a  given  geodesic.  The  formulae  wifl  also  hold 
under  the  ACK  distance  criterion  for  0,  ■  30*  at  maximum  longitude  separation  for  0  <  0®  <  JO1*, 

82*  <0®  <90*.  AB  these  values  ere  approximations  as  deduced  from  Table  9.  Obviously  if  tbs  longitude 
ftpuittrrn  between  taro  points  in  the  see  Istituds  is  hut  *****  the  maximum  posaMs  for  hemitphsrottri 
geodesics,  the  formulas  wfl  give  better  truth*  since  the  separation  between  geodesk  and  greet  vihptk 
vertices  wfl  be  less,  see  F|pm  28. 
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INVERSE  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  4, ,  A, ;  ,  A,  to  find  S.  a,  .2 .  a, . 

Azimuths  clockwise  from  north;  east  longitudes  positive;  no  tables  except  8-place  .atural  trigonometric  (Peters);  no 
root  extraction. 


_ SPHEROID  a _ m  b _ m 

1  -  f  -  b/a _ Mf _  V4f _ 

fV64 _  I  radian  *  206264.8062  seconds 


•  / 

ii 

O 

/ 

// 

4. 

1. 

X, 

a- 

1 

X. 

tan  4, 

_  _ 1  always  west  of  2 

AX  =  Xj  -  X, 

tan  A. 

tan  d  ■  ( 1  -  f)  tan  4 

A A-  =  MAX 

/ 

.7 

#, 

tan  #, 

sin  AXm 

#i 

tan  #, 

tan  AX 

#*  »Mfd,  ♦#,)  * 

i  d» 

sin  #* 

COS  #* 

0d«  »*#,-#,) 

sin  Ad* 

cos  Ad* 

H  *  cos1  Ad*  -  sm1#*  *  cos1#*  -  sin1  Ad* _ I  -  L _ 

L  ■  sin1  Ad*  ♦  H  sm1  AX* _ cos  d  »  I  -  2L - 

U  *  2  sin1#*  cos1  Ad*/(  I  -  L) _ d  - - 

V  -  2  sin1  Ad*  cos19m/L - , - sin  d - _____  d  (rad)  - 

X-U*V _ _  T-d/sand _ _  E*2cosd _ 

Y-U-  V _ ^ _ D  -  4T1 _ B -  2D  _ 


A-DE _ C  *  T  -  Mi  (A  -  E). 

n,  »  X  (  A  ♦  CX) _ ni  *  Y  (B  ♦  EY)„ 

5,4  *  Hf  (TX  -  Y) _ 

S,  •  a  sin  4  (T  -6,4)***^,*,*,,*,*,,*^ ^ ^ *^*,3  m 

F  *  2Y  -  E  (4  -  X)  _ _ 

C  •  VifT  ♦  (f:/64)  M _ _ _ _ 

*  t  .V 

AA*i  «  MAX  ♦  Q) _ 

*  *  * 

v •  arctan  k, i  _ _ _ .  . 

u  •  arctan  k,  I _ 

•  /  + 

0|  *V-U  _ _ _  _ - . . 

Si _ Si  ♦ 

♦  Ol - 

♦  ♦  0J _ _ _ 

-  -  180-a,  _ _ 

♦  -  I  BO  -  a, _ 


_ _ CHECK  C  -  H  E  ♦  AD/B  -  T 

_ _  n,  -  DXY _ _ _ _ 

6;d»(f1/64Xn,  -n,  ♦  n}) - - 

Sj  *  a  an  d(T  -5,4  ♦  6Jd)*l*IB**l*B**l-*B-*l-iB**m 

M«32T-(20T-A)X-£B*4)Y__,J _ _ _ 

0*  -(FG  tan  AX)/4 _ __ _ .... _ 

tan  AXJ, - - 

c,  •  cos  Ad* /(sin#*  t*n  AX*) _ _ 

c,  '  -  an  Ad* /(cos d*  tan  AX*) - - — - 

ft 

Oj  «  v  ♦  u _ _ _ 

ai-i 

mmi  »  '  " 

360  -  a,  _ _ 

360  -  a, _ 

ISO*  a,  _ _ 

180  ♦  a, _ 


APPROXIMATING  SPHERES  FOR  THE  OBLATE  SPHEROID 


Equivalent  area  or  vohane 

The  area  and  volume  of  the  oblate  spheroid  are  given  by 
r  b 

A  =  4nfa/b: )  I  [b4  +  (a5  -  bJ)yJ  jdy 
*  2?r  |a2  -r  (bJ/eXl/2)ln  (~')  *  *  0 

V  -  2n(b/a)  j  (a2  -  x2)1  /2xdx  =  (4/3)*raa  b. 


2rr[a2  +  (b2/e)  arc  tanh  (e)] 


where  the  meridian  ellipse  (y-axis  polar),  is 

b2x2  +a2y2  =a2b2,b2  =a2(l  -e2) 

The  area  and  volume  of  the  sphere  are 
A.  =  4»RA)  V,  =(4/3)trRy . 

From:  ( 1 )  and  (2),  the  equalities  A,  =  A,  V,  -  V  lead  to 

2R^  “  a1  +  (b2  /e)  arc  tanh  (e),  b2  =  a2(  1  -  e2  ), 
R3  =  a2b,  b  =  a(l  -e2)1'2. 


(1/e)  arc  tanh  (e)  =  ( 1  /2< 


/l  +  e\ 

^(rrr)" 


1  +  e2/3  +  e*/5  +  e6/7  +  . . 


and  this  substitution  in  (3)  gives 

2R^  =  a2  +  a2(l  -e2Xl  +  e3/3  +  e4/5  +  e6/7  + . . ) 
which  may  be  written,  after  expanding  and  combining  like  terms  as 
Ra  »  a[l  -e2(l/3 *  eJ/15  +  e4/35  +  .  .)1 ia. 

Expanding  the  radical  in  (5)  to  6th  order  terms  in  e  leads  to 
RA  =  a(l  -  e2/6  -  I7e4/360  -  67e‘/3024  - . . ), 

From  (4)  we  have 

Rj»t3(l-e*)l/2  or  R*  =  a(l  -e2)1/6 
and  expanding  the  radical  to  6th  order  terms  in  e  we  find 
Rv  =  a(S  -eJ/6- 5e4/72  -  S5e«/I296  - . . ). 

From  (6)  and  (7)  we  have 

AR  =  RA  -  Rv  =  a(e4/45  +  23e‘/l  134  + . . ). 

With  e2  ■  2f  -  f2 ,  e4  -  4f*  -  4f3 ,  e4  3  8f3  we  may  write  from  (7)  and  (8) 
Rv  =  a(l  •  f/3  ~f2/9  -  5f3/81  - . .) 

AR  =  (4/45)af*(l  +  52f/63) 

RA  =  Rv  +  AR 
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Mean  spherical  approximations 

Ia  *  (1/2X«  +  b),  rG  =  (ab),/3 ,  rH  =  2ab/(a  +  b)  =  ab/rA)  (r h  =  rA  •  rH)  (10) 

arc  respectively  the  radii  equai  to  the  arithmetic,  geometric,  and  harmonic  means  of  the  ellipsoid  semiaxes 
and  rA  >  rG  >  Th .  Since  a  and  b  differ  very  little,  rG  *  (l/2XrA  +  rH)  is  a  satisfactory  formula  for  refer¬ 
ence  ellipsoids. 

Principal  radii  of  curvature 

The  radii  of  curvature  of  the  meridian  and  the  normal  section  perpendicular  to  the  meridian  at  a  given 
point  of  the  reference  ellipsoid  are  the  principal  radii  of  curvature,  Le. 

Meridian:  R  =  a(  1  -  e3 )/( 1  -  e2  sin3  $)3/3  =  a(  1  -  e3  cos3  9)3/3/(l -e3),/3 

Great  Normal:  N*>a/(1  -e3  sin2  fiin  =  a(l  -e3  cos3  0),/3/(l  -e3),/3 

=  a(l  +  e3  sin3  d/2  +  3e4  sin  #/8  +  5e6  sin6  d/16) 

=  a[I  +  fsind-(l/2)f3  sin3  d(l  -3  sin3  d)-(l/2)f3  sin4  d(3-5sin2  d)  -  •  ■  •]  (11) 

=  a{l+(l/2)e3  an3  0  +(l/8)e4  (4-(l  +  cos3  0ft  +(l/16)e6  sin30[4+(l  +cos3  0)3] 

+  *--} 

sin  d  =  sin 0/(1  -e3  cos3  0),/3,cos0  =  (l  -e3),/3  cos 0/(1  -e3  cos3  0)I/3, 
tan  d“  tan  0/(1 -e2)1'3  =tan0/(l -f),e2  =  2f-f*. 

Mean  radius  of  the  spheroid  at  a  given  point  of  the  surface 

The  mean  radius  of  the  spheroid  at  a  given  point  of  its  surface  is  the  geometric  mean  of  the  principal 
radii  of  curvature.  From  (1 1)  we  have 

Rm  *  (RN),/3  =a(l  -e3)I/3/(l  -e3  sin3  d)“b/(l  -e3  sin3  d),e3  -  2f-f®, 
where  d  is  geodetic  latitude,  or  in  terms  of  parametric  latitude 

Rm={a/(1  -e3),/3}(l  -e2  cos3  0)  =  (a3/bXl  -e3  cos3  0),  (12) 

see  references  [6] ,  [9] ,  or  [16] . 

Table  1 1  gives  the  corresponding  radii  RA,  RVl  rA,  rG ,  rH  for  each  of  the  10  reference  ellipsoids 
included  here.  Equations  (9)  and  (10)  above  were  used  for  the  computations. 

Meridional  and  equatorial  arc  axes  and  area  of  antipodal  zones 

From  equations  (58),  (60)- Appendix  I-with  the  constants  for  the  10  given  ellipsoids,  the  parametric 
latitudes  of  the  endpoints  of  the  meridional  arc  axes  of  the  antipodal  zones  were  computed  as  shown  in 
Table  12. 

From  the  second  of  equations  (32)- Appendix  1-with  0O  =  rr/2,  and  from  Figure  12,  we  have  for 
the  arc  length  of  the  antipodal  zone  axes: 

Sm  *  a  [20  -(f/2X2 0  +  sin  20)]  (meridional), 

Se  *  airf  (equatorial),  20  « irf(  1  +  .7495f).  ^  ^ 

An  approximation  to  the  area  of  the  antipodal  zone  is  that  of  the  hypocycloid  of  four  cusps,  i.e. 

A-(3/8>rt3,t-(l/4XSM+SE).  (14) 

With  the  values  of  0  from  Table  12,  Sm  ,  SE  were  computed  from  (13)  and  then  A  from  (14)  for  each 
of  the  10  given  spheroids.  The  computations  are  displayed  in  Table  1 3. 
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MERIDIONAL  AXIS  EQUATORIAL  AXIS  MEAN  SBIIAXIS  AREA 

».* %  -  tan  t  •(\/4)(sm*sb)  a  ~(s/+t 


i 


i 
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A  apace  coordhMte  system  nfcmd  to  the  normal  tad  tangents  to  the  meridkn  aad 
pmU  through  a  ghn  point  of  the  reference  dMpaoU 

In  Figure  30,  note  that  a  change  of  coordinates  from  the  center,  0,  of  the  ellipsoid  with  axes  xt ,  y  i , 

Z|  to  the  point  Q  on  the  surface  with  axes  X,  Y,  Z  involves  a  translation  from  0  to  Q  in  the  X|  z,  -plane, 
and  then  a  rotation  about  Q  in  that  plane  through  the  angle  Po-  if  wr  are  interested  in  the  slant  range,  D, 
from  a  point  So  at  a  height  h  tbore  or  below  tbe  eWptoidal  surface,  to  a  point  Q0  at  a  height  h0  above  or 
below  Q  then  the  following  derivation  will  give  D. 

From  Figure  30,  the  parametric  representation  of  the  point  F(xt ,  y  i ,  Zi )  on  the  ellipsoidal  surface 
relative  to  the  rectangular  system  with  origin,  0,  the  ellipsoid  center,  is 

X|  »N  cost  cos  AX,  y,  »N  cos  d  sin  AX,  i,  *N(1  -e1)  sin  p  (IS) 

where  #  is  geodetic  latitude,  AX  is  the  longitude  computed  from  the  meridian  through  Q,  N  * 
a/(l  -  e1  sin2  #)>/2  is  the  great  normal,  see  equation  (11)  above. 


PpM  Ml  b«nwsMemiMwiMeUum»iinawttMpet>ut>ieMini» 
and  paaM  el  an  wMawy  pot*  «f  Um  MfcaoM. 
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The  coordinates  of  any  point  S0  at  a  height  h  above  or  below  P(xi ,  yt ,  z,)  on  the  normal  to  the 
airface  at  P  are 

Xi  a  (N  i  h)  cos  #  cos  AX, yj  »(N±h)cos#to  AX,tj  ■  {(l-e*)N±  h]  sin#.  (16) 

Now  the  transformation  equations  which  give  the  coordinates  of  S0  referred  to  the  normal  and  tangents  to 
the  meridian  and  parallel  through  a  point  Q  in  latitude  #o  ( translation  from  0  to  Q  and  rotation  about  Q 
through  #o  in  the  X|Zi -plane)  are 

X»(xj  -N0  cos#o)sin#o  -  |zj  -N0(l  -e1)sin#c)  cos#c 

Y»y,  (17) 

Z-(x, -N0  co*#o)co*#o  +  Izj  -N0(l-e1)sin#o)  sm#0. 

Placing  the  values  of  X] ,  y} ,  z}  from  (16)  in  (17)  we  have 
X*u,  cos#cos  AX-uj  an#-c( 

Y«  (Nth)  cos#  sin  AX 

Z-Vj  cos# cos AX  +  vj  sin#-ct  (18) 

U|  »(Nth)sin#o,u,  *  (N(l  -eJ)±h]  cos#0,c1  ■  N0  e*  sin#o  cos#o 
v,  »(N  t  h)cos#o,V]  ■  {N(l  -e1) t  h]  sin#o,cj  *N,(1  -e1  in*  *») 

With  the  coordinates  from  ( 18)  we  have  then,  as  seen  from  Figure  30, 

Dj  -  X*  ♦  Y1.  E,  -  Z*  h,.D  »(D!  +  E \)m  »  (X1  +  Y*  ♦  (Z  *  h,)*) ,a.  (19) 

In  the  computation  of  the  coordinates  ( 18),  the  values  of  N,  N0  may  be  taken  from  tables,  if  available, 
or  computed  from  the  series  given  above  in  equations  (11). 

Now  the  coordinates  (16),  with  h  ■  o,  represent  a  point  on  the  ellipsoid.  Hence  if  we  salve  (17)  for 
x,,y,,z,  we  obtain 

Xj*Zcos#o  +  Xsin#e+N«oos#o 

y»  "  Y  (20) 

Zj  *  Z  sn  #o  -  X  cot  #•  ♦  No(  l  -t1)an#t 
•nd  Xi ,  yt ,  z» ,  with  h  *  o,  mu*  satirfy  the  allipaoid  aquation 
(*!  ♦  **W  » 1 ,  or  since  b*  ■a,(l  -  a*), 

(I ♦yl)^*! -•*(! -«*)-  (21) 

Now(21)  may  be  written  tax)  eyj  +zj  -a*(x|  ♦yj  -•*)“  a*  which,  whea  t»o,  represaete  the  sphere 
of  radius  a.  Analofoudy ,  if  wepiaot  ii.yi.Zj  from  (20)  in  (21),  we  obtain  dm  mfmtkm  of  Hat  *%eok/ 
rtfmrwd  to  the  point  Q  er  of%h>  (See  Ftgurr  30}, 

e* 

X*  *Y*  ♦  (Z*N#)*  -Nj - -  (Xcoad-Zete#)*.  (22) 

1  -  a* 

Now  when  a  ■  o,  equation  (22)  becomes  the  equation  to  a  qphere  tangent  to  the  *%eo*d  at  Q  with 
radkttN*,  the  great  normal  length  at  Q.  Maser  the  frttfkttkm  for  ***  thtpmt  monmlrndkuat  the 
Mrfcf  jvksr  when  the  tphtrk*!  forms  of  fht  dktd  ami  inram  geodetic  Inr  aohttkmt  art  wmL  teffpra 
9  mad  9. 
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Iteyhwfaalcam 

If  we  place  e  *  o  in  equation*  (18),  we  get  ut  *  Vj  *(N0  ±  h)sin  da,  va  *  u2  »(N0  t  h)ccs  da, 

Cj  ■  o,  c i  •  N«,  where  N0  b  the  greet  normal  radius  st  Q,  see  equation  (22)  above,  and  then 
X-(N0  *  hXcoe  dsind*cosAX-sindcosdo) 

Y  *  (N«  i  h)  cos  #  sin  AX 

(23) 

Z“(N0  ±hXcos#cosd#  co#AX  +  rind*to-do)-N0 
Dj  -  X*  ♦  Y*.  E,  -  Z  *  h«,D - (D|  ♦  E?),#1  -  (X*  ♦  Y*  ♦  (Z  *  h*)*] tn, 
see  Figure  31.  Abo  note  in  Figure  3) ,  the  quantities,  u,  v,  c,  o,5,r.  a  is  the  azimuth  of  P  iron  Q.  6  is  the 
angle  of  elevation  ofSp  above  the  horizontal  at  Q0,  r  b  the  central  angle  subtended  by  the  arc  distance 
s*  PQ.rfred)'*  s/N0.  We  may  write  the  following  formulae  involving  the  spherical  triangle  P'PQ  and  other 
quantities  as  indicated  in  Figure  3 1 . 

cot  a- (cos  d  smdo  cos  AX  -  sin  d  cos  de)/cos  d  sin  AX 
cost  s  tin  d  sin  de  +  cos  d  cos  da  cos  AX*  N«/(No  >c) 
siod*cosTrindo+sinrcoedo«*<1 

cot  AX* (cos do  coat -sin do  *in *  ooa a)/rinr  tin  a  (24) 

u  +  v*Dj»Dcoa4,X«D,cos«,  Y"Djina,Z“ho  +  Dsin5 
tanr»Di/(Nt'VZ)>h*(NaTQsecr-NoaDi  cacr-N0, 
u*Ztanr,v>Na  tan  r,  c  ■  N,(  1  -  cos  r)/cos  r, 
u/v*  Z/N,  »(h-cV(N,  +  cXu+v«Dj  «(N*+Z)tinr"(h  +  No)  star. 

Now  h,  h«  in  equatioot  (24)  can  have  opposite  or  like  signs,  negstive  signs  indicating  below  the 
surface  of  the  sphere,  tee  Fjptre  31.  Note  that  further  umplificatkm  of  this  type  local  reference  system 
b  posaMe  for  d  ■  FQ  <  8  minutes  •  8  nautical  ndes,  for  then  re  sin  r»  tan  r,  cost  •»  1. 


In  Ftgnre  32,  we  have  the  apeca  ractangubr  coordinate  system  X,  Y,  Z  with  aaea  the  normal  tad  the 


tangents  to  the  pareBal  and  meridian  through  a  point  Q  of  the  awface.  Now  the  tangent  at  Q  to  the 
pttbMal  b  aieo  tangent  to  the  greet  circle  containing  the  poles  C.  O'  of  the  meridian  through  Q.  A  rectangular 
qphsrfcal  syatasa  on  the  narface  may  ha  uaad  where  x-coordhaetaa  an  measured  along  (he  circular  meridian 
tom  Q  and  y  coonHnaf  as  are  maamrad  riongtha  great  dtttes  through  thapobaC.C*  of  the  meridian 
through Q.  The  points PartTasdMum  have  the  spherical  coordinates  x.  y  end  y‘ respectively.  The 
aagto  &  et  P,  T  reapectbaiy  am  measured  from  the  line  FT  •  s  to  pantos  through  P.  T  having  the  same 
poles  C,  C  as  the  meridian  through  Q. 

Now  in  the  yhericei  triangle  FTC  we  have 

P  •  90*  -  g,  T  -  W  ♦  r .  c  •  (*' -  *VN, .  e  •  W  -  y'/N, . 

b-W-y/Na.e-WN^.PrT-e-tf-A  (25) 


a  -  b  «  -<y'  - y)/N*,  e  ♦  b  •  «  - (y  ♦  yVN*. 

To  auto  for  x\  y\  $  we  need  the  fourth  analogy,  sine. 


and  cotine  laws) 

tan  M(P  ♦T)aco*M(e-b)secb(**h)cotVk, 

cot  a  «  co  b  ooe  c  ♦  sin  b  tin  c  ooa  P,  tin  C  •  da  «  tin  P/rin  a 


(20 
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r*»  )l  A  ^kmtSat  MdMphi  wMrtfcm  q**«M  «,  jr,  h  mrM  wMi  Qm  m MtgtfM  fw 

iumHwii  »*■  X.  Y,  I  <>HM  Q  o*  a*  —ft—. 

Tb*  vthwt  (run  (25)  plMt4  st  (2$)  g)w 

Ua  H(j5  -  <T)  •"  (m  —  (x'  -  x)  wc —  (V’ -  y)  #n —L  (y' ♦  y) 

2N,  2N* V  2N. V  7 

is  (y'/N«)  *  cot  (i/N«)  in  (y/N»)  ♦  an  (i/N«)  cos  (y/N*)  sinU 

tin  J-(*'  -  x)  *  m  (*/N«)  ©*  0  **c  (yVN*) 

N* 

Fot  tool  wanUmtt  Vtttms  tiw  n|ks  VN*,  y'/N*.  y/K*.(*’  ~  *VN,.  (y*  -  y>/2N*,  (*'  -  x)/2N 
(y'  ♦  y)/2H»  m  stul)  *n4  «c  may  tut  tbr  f«n»  fw  rrrmt  of  the*  strict  ejpt*sk>n,  It. 


(28) 


sinx3x-x3/6,  cosx*  1  -x2/2,tanx*x  +  x3/3.  Hence  we  have 
nfl(y'/No)By'/N0  -y',/6No3,an(y/No)  =  y/N0  -yJ/6 N03, 
sin ($/N0) *  i/N0  -j3/6N03,cos(s/N0)*  1  - s2/2  N02, cos(y/N0)  ■  I  -y2/2  N02. 
The  values  from  (28)  placed  in  the  second  of  (27)  give 

y,-y'3/6Ng-(i-sJ/2NSXy-y3/6N§)+($-s3/6N?1Kl-yJ/2NS)sin0 


y'-y'3/6No  *y  +  ssjn/J - j(y3  +  3y2ssin0+3ys2  +s3  sin©  (29) 

6  No 

where  the  terms  in  s2y2/l2  No  have  been  ignored. 

Now  in  (29),  if  we  ignore  the  terms  in  1/6  Nj  we  have  the  first  term  of  the  series  which  is  y'*y +  ssin0. 
We  now  place  this  value  of  y'  in  the  tern  in  y'3  and  write  (29)  as 

y'*y  +  ssin0  +  — ~[(y  +  ssin©3  -y3 -3y2ssin0- 3ys2  -s3  sin© 

6NJ 

1 


y  +  ssin0+  — — (3ysa  sin2  0-3ys2  +s3  sin3  0-s3  sin© 
6N2 


y' a  y  +  s  sin  0  -  s1  cos2  #3y  +  s  sin  ©/6Nj . 
Similarly  from  the  last  of  equations  (27)  we  have 
,  (x'-x)3  (  sy’2  s3  \ 

6  NS  \  2  NS  6  NS/ 


(30) 


(31) 


and  if  we  ignore-  the  terms  in  I/No  we  get  as  first  approximation  x'  -  x  *  s  cos  0.  This  value  returned  to  the 
term  in  (x'  -  x)3  in  (3 1)  allows  us  to  write 


x'  -  x  *  s cos p ♦  ~~r<*2  cos2  3y'2  -s2) 
6  N$ 

scoafl  ,,  ,  , 

*scos0* — ~(3y  2  -s  sin1  © 

v  i*0 


(32) 


From  the  first  of  (27),  since 

~(y'  ♦  y)-  sin 


—  <y'~y)  +  - 

2Na  Nfl 


and 


1  1  1  y  y 

sec - (y  -  y)  sin  —  (y  ♦  y)  •  tan  —  (y  -  y)  cos  —  *  sin  — 

2N«  7  2N,  2N»  N,  N* 


we  may  write 


1  .  f  I  .  v  y 

tan  -  (f)  *  un  —-(*  -*)  l‘*n  rr  (y  -  y)  cos  —  ♦  sm  — 
2N9  {,  2N0  Ne  N0_ 


Wo"  "  N0  N,  J  (33) 

Using  tan  x  ■  X  ♦  x’/3  and  the  values  of  sin  y/N9.cos  y/N0  from  (28)  we  can  write  the  right  member 
of  (33)  as 


'Y-x  <*’  ~  »>* 

2N7  *  24NS 


h'-y  ^‘-y)3^  ^  t_y_  y^ 

\  2N*  *  24NS  j  \  '  2N’o  /  No  '  6 N| 


Retaining  terms  in  !/N|.  we,  from  (34),  w  He  (33)  as 

tan  «0f-df)  «  ”K*'-*Ky  -y>4  2(*-x)y) 


(34) 


(35) 
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With  x'  -  x  =  s  cos  ft  y'  -  y  =  s  sin  0  from  (32)  ?nd  (30),  equation  (35)  becomes 

tan  W(0  -  ft)  -  s  cos  0(2y  +  s  sin  0)/4N£  (36) 

or  ft  =  ,3-2  arc  tan  [scos/J(2y  +  ssin/3)/4No] 

With  arc  tan  u  =  u  -  u3/3,  we  may  write  (36)  as 

ft  -  p  -  s  cos  f)(2y  +  s  sin  0)/2No .  { 37 ) 

Finally,  equations  (30),  (32),  and  (37)  may  be  written  as 
y'  =  y  +  v  -  u2(3y  +  v)/6N§ 
x'  =  x  +  u[l  +  (3y'2  -v^/dNo] 

(38) 

^  =  ^-u(2y  +  v)/2Nj  sin  1", u  =  s  cos  ft  v=  ssin/3 
=  0 -u(y  +  y')/2No  sin  l", 

since  u  ,  u  f  ,  (3y  +  v)  u 

2«(yty),'2i«ryt,-“  ^rr2«(2>+,) 

If  we  place  x  =  y  =  o,  0  =  a,  s=d,  P  -*•  Q  aud  equations  (38)  become 

x  =  d  cos  a(  l  +  d2  sin2  a/3No),  y  =  d  sin  a( !  -  d2  cos;  a/6No)  (38)a 

ft  =  a  -  d2  cos  a  sin  a/2Nj  sin  I”. 

The  terns  in  1/No  are  corrections  to  plane  coordinates.  If  the  ellipsoid  is  to  be  taken  into  account 
one  uses  instead  of  1/No,  the  value  1/R0N0  which  is  the  square  of  the  mean  radius  in  latitude  ,  see 
equations (12).  Equations  (38),  in  equivalent  form,  are  found  in  references  [15] ,  [32] .  Note  that  ft  ft  are 
not  azimuths  as  usually  defined,  that  is  the  lines  Pa',  TB'  in  Figure  32  are  parallels  to  the  meridian. 

Transformations  between  rectangular  space  coordinates  X,  Y,  Z  and  local  spherical 
space  coordinates  x,  y,  h 

In  figure  32,  if  S0(X,  Y,  Z)  is  a  point  at  altitude  h  above  or  below  the  point  F(x,  y),  where  x,  y  are 
the  spherical  coordinates  as  shown,  we  may  from  (24)  and  some  formulae  for  right  spherical  triangles 
establish  some  transformations  between  the  x,  y,  h  system  and  the  X,  Y,  Z  system. 

CO,  ,  -  cos .(£)  «(£)  >  (l  -  £|)  (•  -  |j|)  >  >  -<»*  ♦  y'VW  • 

D2  =  (h  +  N0)  sin  r,  sin  a  *  sin  ^  sin  r ,  cos  a  =  tan  ^  tan  r 

X  =  DjCosa=(h+No)tan|g-jcosr»(h+N0)^  +  ^7 j  [1  -(x2  +y,)/2Nj] 


X*x[l+h/N0-(x2  +3y2)/6Ng]  a*  x  -12/3)^ 


YxD2  sina ~(h  +  N0)  sin  (~)  *(h  +  N0) 

\No /  \No  6N0/ 

Y**y[l  +h/N0  -y2/6Nj]  *»y-y3/6N& 

Z  =  h  cos  r  -  N0(l  -  cos  t)  »  h  -  (N0  +  h)(x2  +  y2)/2Nj 

Z*h-(x2  +  y2)/2N0 
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—  +  X  !  +  —  *  X  +C/3J-7 
6N'q  \  2Np  J _ N l_ 

/  y  \  1 

sin  —  * - Y 

\N0/  h  +  N0 


y  y3  1 

— -  -  — —  *  —  V,  y  «  Y  +  Y3/6Nq 
N0  6N§  No  — 1 - 

h  »  Z  ♦  (xa  »  ya)/2N0  *  Z  +  (X1  r  Y!V2No 

this  last  implies  x  *=  X  Dj  cos  a,  y  *  Y  *  Ds  sin  a 


v- 


y 

\  / 


S  ,  T 


\u 

y<\ 

\\l 


Figure  33.  Ttngent-vc-chord. 


Pkor  coordinates  and  map  projections 

Figure  33  shows  the  familiar  tangent-arc-chord  relationship  as  inherent  in  the  spherical  approxima¬ 
tion  as  given  in  Figure  31.  We  have  the  following  formulae  relating  T,  v,  d,  L,  H,  r,  N0  as  shown  in 
Figure  33: 

d  =  r  N0  ■  L  +  L3/'24No  =  v  -  v3/3N l 

L=2N0  sin  (r/2)  =  N0(r  -  t3 /24)  =  d  -  d3/24N£  =  v  -  3v3/8Ng 

v  =  N0  tan  t  =  N0(r  +  t3/3)  =  d  +  d3/3Nj  =  L  +  3LJ  /8Nj| 

r  =  d/N0  =  L/N0  +  L3  /24Ng  =  v/N0  -  v3  /3Ng  (41) 

H  =  N0  tan  Vrr  =  V4N0(t  +  t3/  1 2)  =  M(d  +  d3  / 1 2N l) 

T  =  N0  sin  t  =  N0(r  -  r3/6)  =  d  -  d3/6Ng 
d  -  L  =  d3/24No,  2H  -  d  =  d3/12Ng  =  2(d  -  L),  d  -T  =  d3/6Ng  =  4(d  -  L), 
v  -  2H  =  d3/4Nj  -  6(d  -  L),  v  -  d  =  d3/3Ng  =  8(d  -  L),  v  -  L  «(3/8)d3/N2, 
v-T  =  d3/2Nj  =  12(d-L). 

Table  14  gives  the  differences,  the  last  of  equations  (41),  for  arc  distances  from  10  to  100  n.m.  in 
5  nm.  increments. 

Now  in  Figure  33  note  that  Ss  is  the  linear  projection  of  the  point  P  upon  the  tangent  plane  at  Q 
from  the  spherical  center  0.  Such  projection  is  called  gnomonic.  Since  the  tangent,  v,  is  the  projection  of 
the  great  circle  arc,  d,  upon  the  tangent  plane,  any  straight  line  through  Q  in  the  tangent  plane  represents 
a  great  circle  on  the  sphere. 

From  equations  (24),  (26)  we  have,  with  Z  =  0,  h  =  c,  see  Figure  3 1 , 
v  =  Dj  =  N0  tan  t,  sin  a  =  cos  0  sin  AX/sin  f , 

cos  a  =  (sin  0  -  cos  t  sin  0o)/cos  0O  sin  t,  (42) 

X  =  D2  cosa=sin0secr-sin^o.Y=D1  sin  a = cos  0  sin  AX  sec  t, 
sec  t  =  l/(sin  0  sin  0O  +  cos  <t>  cos  0O  cos  AX), 
cos  r  =  N0/(XJ  +  Y3  +  No),/3 ,  sin  0  =  (X  +  sin  0o)  cos  t 
sin  AX  =  Y  cos  r/cos  0,  X  =  X o  -  AX. 

Equations  (42)  thus  give  the  plane  coordinates  X,  Y  as  functions  of  the  geographic  coordinates  of  the 
points  P,  Q,  that  is  of  0, 0O ,  AX  =  Xo  -  X.  The  last  of  equations  (42)  show  the  solution  for  the  geographic 
coordinates  0,  X  of  P  when  the  plane  coordinates  X,  Y  of  S,  referenced  to  the  tangents  to  the  meridian  and 
parallel  at  Q,  are  given,  assuming  S  is  gnomonically  projected. 

Now  if  we  let  v  ■  Dj  =  d  =  N0  r,  the  resulting  plane  coordinates  map  a  Lambert  azimuthal  equi¬ 
distant  projection  on  the  tangent  plane;  if  v  =  Dj  =  L  =  2N0  sin  t/j  the  resulting  projection  is  the  Lambert 
azimuthal  authalic  (equal  area)-,  if  v  =  D 2  =  T  =  N0  sin  t  the  projection  is  orthographic,  points  P  are  pro¬ 
jected  on  the  tangent  plane  at  Q  by  lines  parallel  to  OQ,  see  Figure  33;  if  Dj  =  2H  =  2N0  tan  Tli  the 
projection  is  stereographic,  angles  are  preserved  about  each  point  of  the  projection  (conformal  or 
autogonal). 

The  last  four  columns  of  Table  14  show  the  error  in  the  radius  v  =  Dj  about  Q  when  we  allow  v  =  D2 
to  be  2H,  d,  L,  or  T,  i.e.  the  point  P  to  be  projected  upon  the  tangent  plane  at  Q  stereographically, 
equidistantly,  equal-areally,  or  orthographically. 
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Now  from  equations  (24),  (26),  (41),  (42)  we  have 

U  *  cos  r  =  sin  ^  sin  0o  +  cos  0  cos  0o  cos  AX 

V*  sin  p  cos  Pe  -  cos  p  sin  p0  cos  AX,  W  *  cos  p  tin  AX,  (43) 

sin  a  3  W/sin  t,  cos  a  3  V/sin  r 

With  the  help  of  (43)  we  can  express  the  rectangular  plane  coordinates  of  the  several  projections  as  func¬ 
tions  of  U,  V,  W  and  hence  of  the  geographical  coordinates  of  P  and  Q,  i.e.  as  functions  of  p,  po ,  AX  3  Xo  -  X. 


Gnomonic.  Dj  3  N0  tan  r 

N0  sin  r  V 

X  3  Dj  cos  a  3  N0  tan  r  cos  a  3 - • - =  N0  V/U 

cos  r  sin  r 

N0  sin  t  W 

Y  =  D2  sin  a  =  N0  tan  r  sin  a  - - - - 3  N0W/U 

cosr  sin  r 


Azimuthal  equidistant.  Dj  3  d  3  N0r 

X3  Dj  cos  a=  scosa3  N0Tcosa*  N0rV/sinT 
3  N0  V  arc  cos  U/sin  (arc  cos  U) 
Y3Djsina3ssina  =  N0r  sin  a  3  N0rW/sin  t 
3  N0W  arc  cos  U/sin  (arc  cos  U) 


Azimuthal  'qualarea  (authaHc).  Dj  3  L  3  2N0  sin  r/a  3  N0  sin  r/ [*4(  1  ♦  cos  r)] ,/J 

N0  sinr  V 

— i  «  .  —  ..  ; 

sin  t 
W 


X  =  Da  cos  a  3 
Y  3  Dj  sin  a 


[54(1+ cos  r)] 1/1 
N0  sin  r 


[54(1  +  cos  t)]  m  sinr 


!  N0V/[54(1  +  U)) ,/J 
-3  N0W/[54(1  +  U)J 1/1 


Orthographic.  Dj  3  T  3  N0  sin  t 

V 

X3  N0  sin  t  cos  a  3  N0  sin  r - 3  N0V 

sin  r 

W 

Y  3  N0  sin  t  sin  a  3  N0  sin  r - 3  N0W 

sinr 


(44) 


Stenographic.  Dj  3  2H  3  2N0  tan  54r  3  2No  sin  r/(l  +  cos  r) 


2N0  sin  r  2N0  sin  r  V 
X  - - cos  a  < 


1  +  COST 

2N0  sinr 

Y  - - sin  a 

1  +  COST 


1  +  cos  r  sin  r 
2Np  sinr  W 
1  +  cost  sinr 


'  2N0V/(1  +  U> 

■  2N0W/(1  +  U) 


Spherical  coordinates  relative  to  a  great  drcte  arc  determined  by  two  given 
points  of  the  sphere 

In  Figure  34,  Q  is  the  midpoint  (but  may  be  any  point)  of  the  great  circle  arc  determined  by  two 
given  points  Pi  (pt ,  X,).  Pj(pa ,  Xj)  of  length  2S.  The  azimuth  at  Q  is  a  and  Q  is  taken  as  origin  of  the 
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P*  (pol*) 


spherical  coordinate  system  u  dvown.  At  an  arbitrary  point  P  of  P|Pj,  at  distance  d  from  Q,  a  perpendicular 
PT  ■  a  it  conatructed.  Note  that  0  ■  t/2  -  fit .  hence  the  spherical  rectangular  coordinate  x',  y'  of  T  may 
be  computed  using  the  value  of  x  and  y  from  (38)a  and  the  value  fi  ■  *12  -  (f,  where  ft  ia  given  by  the 
expression  in  (38)a,  i.e. 

y* ■  y  +  V - U*(3y  ♦  v)/6Ni, x'  ■  x ♦  u(l  ♦  (3y'1  -  v*))/6Nj ,  (45) 

where  u"  sco*0,  v*  a  sin  0,  fi  *  ar/2-  a  ♦  d*  cos  a  sina/2N3  tin  ]",x  "dcosaO  +  d*  sin*  a/3Nj), 
y  «  d  sin  a(l  -  d1  cos1  a/6Nj). 
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Note  that  in  the  mapping  of  spherical  coordinates,  the  y-coordinates  are  laid  off  perpendicular  to  the 
central  meridian,  which  cauiet  an  increase  in  the  latitude  scale  u  the  distance  from  the  central  meridian 
increases.  The  magnification  is  given  by  K  ■  1  +  [y  +  y)1  -  yy']  cos5  0/6NJ  and  for  short  lines  we  may  let 
y  ■  y',  living  K  *  1  +  y *  cos*  0/2NJ .  When  0  *  »/2,  K  ■  1 ,  and  the  map  gives  then  true  longitude  differ¬ 
ences.  When  0  *  0,  K  is  maximum  with  the  value  K  *  1  +  y1/2N|. 

Fonsalse  relating  spherical  coordinates  to  geographic  coordinates 

The  given  reference  line  P,Pj  of  Figure  34,  having  been  already  established,  we  may  wish  to  compute 
the  distance  s  to  PtP2  from  an  arbitrary  point  T(4',  X'),  or  given  s,  find  geographical  coordinates  of 
T(4\  X')  and  P(4.  X)  at  a  given  distance  d  from  Q  along  Pt  Pj .  From  the  right  spherical  triangles  TPPi , 
QTT',  QPT,  QPQ',  TTP',  TPP, ,  we  have 

cos  s' m  cos  x  cos  y'  ■  cos  s  cos  d  *  cot  s  cos  x  cos  y  (46) 

tan  x  *  tan  d  cos  a,  sin  y  ■  sin  d  sin  a,  tan  s  *  tan  (a  -  o')  sin  d, 
tin  4*  ■  cos  y'  sin  (x'  +  4o),  sin  y'  *  cot  4'  sin  (X'  -  Xo), 
sin  s**  sin  (a -o')  sin  s', 

cos  (0o  +  x')  “  tan  y'  cot  (X'  -  Xo),  tan  x'  ■  tan  s'  cos  o', 
tan  d  *  cos (o  -o')  tan  s', 

sin  y'  *  tin  s'  sin  a,  cos  r  ■  cot  s  cos  (S  -  d),  cos  r'  ■  cot  S  cos  (S  +  d). 

Since  Pi  ,Q,  P,  are  fixed,  the  constants  2S  »  Pi  P, ,  Oi  j ,  o,.i ,  a,  4, ,  4, ,  p0 ,  X, ,  X« ,  X, ,  are  known. 
Some  of  the  oblique  spherical  triangles  involving  these  known  parameters  and  the  coordinates  of  T  and  P 
ate,  P,  TP, ,  QTP, ,  P'QT,  P'QP,  P,  PX  P'TP, ,  PPP, ,  PP'P, ,  TP*.  From  these  we  obtain  the  following 
spherical  formulae  from  the  sine  and  cosine  laws  for  spherical  triangles: 

P’TP,:  cos r ■  sin d’ sin d,  +  oosp'cos4i  cos(X,  -X') 

P'QT:  cos  s'  *  sin  do  »in  4  +  cos  p0  cos  p1  co,  (X1  -  X«) 

srn  s'  sin  a'  ■«  cos  4'  sin  (X'  -  Xo) 

sin  4'  ■  cos  s'  sin  4o  +  sin  s'  cos  4o  cos  a' 

sin4“*in4ocotd  +  tindcos4ocosa 
P’QP:  cot  d  ■  tin  4o  sin  4  ^  cospo  cosp  cos(X  -  Xo) 

sin  d  sin  a  *  oot  4  sin  (X  -  X0) 

QTP,:  oot  r  ■  oot  s’  cos  S  ♦  sin  s'  tin  S  cos  (a  -  o')  (47) 

PiTP,:  cot  2S«  cotr  cot  r'  +  tin  r  tin  r'  cos  (X, -Xt) 

PPVi:  cot(S  +  d)nsin4i  rin#  +  co«4i  cospcoi(X-X,) 

sino,.,  tin(S  +  d)"cotpsin(X-X,) 

IP*?,:  cos (S - d) » dn 4,  sin p  +  cot 4,  cos pcos (X, -X) 

cos  4  tin  (X,  -X)*- tin  a,. |  tin  (S  -  d) 

P|P*T:  cot  r'«sin4i  tinp'  +  cos4t  cotp' cos(X’-X,) 

TPP:  cot  s  ■  sin  4  sin  4’ +  cot  4  cot  4' cot  (X  -  X') 

From  (38),  (38)a,  (45),  (46),  (47)  we  have  the  formulae  to  handle  most  of  the  geometric  prob¬ 
lems  which  may  occur  in  the  local  geometry  of  a  given  base  line.  For  instance  If  t  is  constant  but  d 
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varies,  then  0  varies,  and  the  rectangular  coordinates  x',  y',  as  given  by  (45),  give  points  T  on  the  parallel  at 
distance  s  from  the  base  line  Pi  Pj. 

Suppose  that  we  are  given  the  geographic  coordinates  0',  X'  of  an  arbitrary  point  T  to  find  the  per¬ 
pendicular  distance  t  to  the  bate  line,  the  geographic  coordinates  0,  X  of  the  foot,  P,  of  the  perpendicular, 
and  the  distance  d  from  the  origin  Q  to  P.  Now  the  known  constants  are  S  -(1  /2)P,  P2 ,  at.  2 ,  a* , ,  a,  0', 
^i,^]>0,Xi,Xo,X],X'and  we  are  to  finds,  d,0,  X.  From (46)  we  have 
cos  (S  +  d)  *  cos  S  cos  d  -  sin  S  sin  d  »  cot  r'/cos  s 
cos  (S  -  d)  x  coi  S  coi  d  +  tin  S  sin  d  ■  cos  r/cos  s 
Adding  and  subtracting  respective  members  of  (43)  get 
cos  s  sin  d  *  (cos  r  -  cos  0/2  sin  S 
cos  s  cos  d  *  (cos  r  +  cos  r')/2  cos  S 
Dividing  respective  members  of  (49)  we  find 

tend  ■  cot  S  (cos  r  -  cos  r')/(cos  r  +  cos  r') 
where  from  (47),  triangles  P*TP2 ,  POP) 

cos  r  *  sin  0'  sin  02  +  cos  0'  cot  02  co*(X2  -  X') 
cos  r’  =  tin  0’  tin  0t  +  cos0’cos0i  cos(X’-Xi) 

From  (46)  and  triangle  P'QT  of  (47)  we  have 
cost  “  cos  s'/cosd, 

cots’ s sin 0* sin 0o  +  cos0'cos0o  cos(X’ -Xo). 

From  triangle  P'QP  of  (47)  w?  have 

an  0  »  sin  0o  cosd  +  cot0o  sin  d  cos  a 
sin  (X  -Xp)  »  sin  d  sin  a/cos0  or  X_“  arc  sin  [sin  d  sin o/cos  0]  ♦  X* . 

Note  also  a  type  of  spherical  rectangular  coordinate  system  referenced  to  the  bate  One  and  a  great 
circle  orthogonal  to  the  bate  line  at  in  midpoint  at  pretented  in  Reference  f  18}. 

The  doubly  equidistant  projection 

This  is  a  useful  projection  for  investigators  in  fields  such  as  seismology  (earthquakes  or  microseisms), 
meteorology  (long  range  location  of  cyclone  trajectories),  electronic  distance  measuring  systems  as  Hiran 
or  Shiran,  location  of  aurorae  or  of  meteors,  studies  of  water  waves,  tsunamis  or  swell,  oceanography.  It  is 
obtained  by  constructing  the  spheroidal  (spherical)  triangle  Pt  PjT,  of  Figure  34,  in  the  plane  as  diown  in 
Figure  3$.  The  true  length  (to  scaie)of  the  base  line  P|P2  •  2S  is  drawn  as  •  straight  line  in  the  plane. 
Points  T  are  located  with  respect  to  the  base  line  from  the  intersection  of  circular  arcs  about  P| ,  P2  with 
radii  the  true  lengths  (scaled)  of  r’,  r.  Either  spheroidal  or  qtherical  distances  for  S,  r’,  r  may  be  used.  The 
projection  is  not  conformal,  that  it  angles  are  not  preserved  about  every  point  of  the  projection. 

The  equations  relating  the  several  parameters  as  shown  in  Figure  35  are: 

x  "pcosP*  — (5*  -r1)*  — (r**  -r,)*r'cosO|  -  S  ■  S  -  r  cos  a2 , 

y«xun0*pdn0"i(p,-x,),a*r'sina,  * r sir. a,  ■*  —  |16SV* 

4S 

-(»**  -  r*  ♦  4S*)1} 


(48) 

(49) 

(50) 

(51) 
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p1  *  Vi(r'J  ♦  t1)-S1,co*fl -x/P*  -^-(r’1  -r1)  *  (S5  ♦  p1  -rl), 

4pS  2pS 

co*o,  »(4S*  *r'*  -  r1  )/4r’S,  cos  a3  »(4S*  -r'1  tr*)/4iS  (53) 

and  where  for  the  tphcrical  case,  we  have  from  (47) 

r  •  arc  co*  (sin  d*  an  di  ♦  coi  d’  cor  d3  cor  (X3  -  X')) 
r*  •  arc  co*  (tin  d’  sin  di  ♦  cos  d’  cor  di  co*  (X1  -  Xj)j 
2S*  arc  cos  (rindt  rmdi  +  cosdi  co*  di  cos(Xj  -X,)J 

Dbaaston  The  doubly  equidistant  projection  may  also  be  called  bipolar,  once  we  have  two  radii  r',  r 
from  two  foci  P. ,  P3  and  the  angles  a, ,  a* .  We  have  given,  or  compute,  the  values  S.  r',  r  and  then  from(53) 
cos  a,  •(4S1  ♦  r’1  -r*)/4r'S,x“  i'  cos  a,  -S.y  •  r'  sin  a». 

coaoj -(dS1 -r’1  ♦  r’j/JrS.x * S -r co»Oj,y * r sin oj  ^  ^ 

which  provide  a  check  for  rectangular  coordinate  computation. 

C&en  the  rtctenfuter  cooedinetti  x,  y  of  the  point  Ton  the  doubly  tqukHttgnt  protection  end  {he 
comma  S,  a»do.  h>  of  the  beer  line  at  shown  in  Figure  34.  find  tht  gtofrephk  cxxexttmtei,  X',  of  the 

point  T  on  the  tphert 
From  x,  y,  S  we  have 

r'  *  K*  *  S)*  ♦  y* )  *'* ,  r  •  ((S  -  x)1  ♦  y*  ] ,n , 
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(55) 


From  (50)  we  h«ve 

tan  d  a  cot  S  (coi  r  -  co*  r'VCcos  r  +  cot  r’), 

From  (46)  find 

cot »'  *  cot  r'  cot  d/cot  (S  +  d)  *  cos  r  cot  d/cot  (S  -  d), 
From  (46)  (QTP)  we  have 

a  *  a  -  arc  cot  (tan  d/tan  t’)( 

Finally  from  P'QT  of  (47)  find 

d'  *  arc  tin  (cot  s'  tin  do  +  tin  s'  cot  do  cos  a), 

A'  *  Xo  +  arc  tin  (sin  t'  sin  a' /cot  6’). 

From  equation  (50)  we  have 


and 


tand: 


cot  r  -  cot  x  cot1  r  -  cos1  r' 


.  j  »  .  1 

sin  r  -  sin  r 


(56) 


tan  S  (cot  r  +  cot  0  tan  S  (cot  r  *  cot  r*)5  tan  S  (cos  r  +  cot  r')1 
Considering  d/N0,  r/N0,  r'/N0,  S/N0  to  be  small  enough  to  place  tan  d/N0  *  d/N0,  tan  S/N0  *  S/N0, 
cos  r  =  cos  r'  =  1,  tin  r'  *  r',  sin  r »  r,  then  (56)  become!  d  ^r'1  -  r1V4S  *  x-coordinate  of  the  doubly  equi¬ 
distant  projection,  equations  (53).  From  (46)  (QTP)  we  have  tan  t  *  tan  (a  -  o')  sin  d,  and  if  we  place 
sin  d/N0  =  d/N0>  tan  s/N„  =  s/N0  then  s*  tan  (a  -a’H  But  then  d  is  x  of  Figure  3S,a  -  o'  *  0,  and  s  is 
the  y-coordinate  of  the  doubly  equidistant  projection,  y  *  x  tan  0,  see  figure  35  and  equations  (53). 


The  world  geodetic  reference  system  1967 

The  International  Union  of  Geodesy  and  Geophysct  has  tentatively  adopted  a  new  geodetic  reference 
system,  see  reference  (30] .  It  is  defined  by  the  three  constants:  equator*!  radius  a  »  6378160  meten; 
earth  geocentric  gravitational  constant  including  the  atmosphere  GM "  398603  X  ;  earth 

dynamical  form  factory]  *  10827  X  JO'1 . 

Now  the  earth's  rotational  velocity  is  given  by 

u)  *  {  2«(  1  ♦  s,  / 86400)/ js)  ♦  p  cos  e/1500}}  s’* ,  where 
S|  ■  J 1 5569^5.9747  (ephermerd  seconds  in  one  tropical  year,  1900) 
p  *  5035.64  (seconds  general  precession  in  longitude  per  tropical  century,  1900) 
t  -  23*  27'  08*26 (obliquity  of  the  ecliptic.  1900) 
w  -  7.293113144  X  KT*  t  [ . 

Smc*  Jj  *  e'’(l  -  2me‘/ISqa)/3(l  ♦  e’1 ),  where 

m  ■  ur’a’/C^  I  ♦  e'J  )m ,  q«  *  ^({  1  ♦  3/t'1 )  arc  tin  e'  -  3/e'} , 
and  a,  GM.  i , ,  w  are  known  we  may  lohr  for  e‘, 

e'  *0.08209582892  (the  second  eccentricity). 

W *  can  then  solve  for  b,  1/f,  and  e* . 

6  -  a/(I  ♦  t’*)1'1  ’‘6336774.516m;  l{f*4<(*  - t/f  298.2471673. 
e*  « (a*  -  b1  Va1  «  2f  -  f5  -  .006694605326 

The  formulae  for  gravity  at  the  pole ,  equator .  general  (normal)  arc 
g*  ■  GM( !  +  me’q#'/3q*)/a,i  g,  *  GM(  I  -  m  -  me’q»76q«)/ab 
I "  («*»  cot5  6  ♦  bg*  sw*  dMfa1  cot1  d  ♦  bl  sin*  d)’ n , 
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where 


q'o  =  3(1  +  l/e'a )  (1  -  —  arc  tan  e)  -  1. 
e 

With  the  above  value <  of  constants,  these  btcome: 

gp  =  983.21 77279  gal ,  gt  -  978.0318456  gal 
g  *  978.0318  (1  +  .0053024  sin1  0  -  .0000058  sm1  U)  $•! 

(this  last  the  series  expansion  of  the  above  general  formula). 

The  numerical  values  are  preliminary.  The  office'  value*  will  be  published  by  the  international 
Association  of  Geodesy. 

Summary  Values 

Given  a  -  6378160m.  GM  «  398603  X  »  10827X  10*7 

Computed  u*  7.2921  IS  144  X  HTV.e1  «  0.006694605326, 
e’1  =  0.006739725126,  gp  =  983.2177279  gal, 
g,  *  978.0318456  gal,  1/f  *  298.2471675,  b  *  6356774.516  m 
g  *  978.0318  (1  +  .0053024  sin  ’  0  -  .0000058  sin1  20)  gal 

Comment.  A  comparison  with  the  AUSTRALIAN  ellipsoidal  constants.  Table  10,  shows  that,  for  practical 
geodetic  purposes,  using  8-place  tables,  we  may  use  the  A  USTRAL1AN ellipsoid.  Tables  of  rr*iic!  n  arc 
length,  principal  radii  of  curvature,  and  latitude  functions  have  been  published  for  several  chtrokis  try  the 
Department  of  the  Army  as  technical  manuals.  For  instance,  CLARKE  l866(TMS-241-if*),  INTER¬ 
NATIONAL  (AMS  TM-67);  AUSTRALIAN  (TM 5-241-33);  FISCHER  (MERCURY)  (TM  5-241-351. 

If  we  take  a-  6378160  m,w  =  7.2921 15  X  ICT5  s'* ,  l/f«  298.25, 

/-  .3352892  X  lOr1 ,  g,  -  978.0318  cm  s’1 ,  we  find  m  » t^a/g,  -  .34677.-3  X  IQ'1 , 
fm  •  .1 1627G3  X  IG'V  From  reference  (31) ,  page  366,  we  have 
g-*.(J  ♦  fi sin1  #-0i  sin1  20), where 
g-(S/2)m-f-(17/14)mf.lJ1  «(5/8)m f-(l/8)r* 

With  the  slated  values  of  f,  m,  and  mf  we  have 
A  -  .0053024,  p,  -  .00000586,  and 
|  •  978.0318(1  ♦  .0053024  an1  0-  .00000586  tan1  20]  ga) 

This  gravity  formula  gives  only  .06  sin1  20  mga)  lew  than  the  recommended  formula  shove,  the 
maximum  difference  being  .06  mga!  at  0  *  4S*. 
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Appendix  3. 

THE  ACJC  CHECK  LINES,  504000  MILES, 
AND  GEODETIC  LINE  COMPUTATIONS 
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ACIC  CHECK  LINES 


Taken  directly  from  ACIC  Technical  Reports  59, 80.  See  bibliographical  reference 
[22] .  The  500  mile  lines  are  repeated  since  they  were  given  in  both  publications. 
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ORIGIN  AND  TERMINAL  POSITIONS  OF  LINES 


Latitudes  north;  longitudes  west,  except  those  prefixed  by  a  minus  sign. 


ACTUAL  DISTANCE  OF  LINES 


ACTUAL  FORWARD  AZIMUTH  OF  LINES 


ORIGIN  AND  TERMINAL  POSITIONS  OF  ALL  TEST  LINES 


40°  N  18°  W  27°  49'  42V130N  32°  54'  I3'.’184E  1°  56‘  54V386N  69°  27'  017115E 

70°  N  18°  W  43°  OT  367475N  52°  01'  00V626E  2°  55'  177426N  70°  50'  04'.'89IE 


DISTANCE  AND  AZIMUTH 


* 

a 

S 

Distance 

(meters) 

Forward 

Azimuth 

Back 

Azimuth 

EB 

0° 

500 

804664.780 

00°  00'  OO'.'OOO 

180°  00'  OO'.'OOO 

0° 

500 

804664.780 

00°  00'  OO'.'OOO 

180°  00'  OO'.'OOO 

0° 

500 

804664.780 

00°  00'  OO'.'OOO 

180°  00'  OO'.'OOO 

45° 

500 

804664.780 

45°  00'  OO'.'OOO 

226°  09'  01 '.'224 

o 

O 

45° 

500 

804664.780 

45°  00'  OO'.'OOO 

229°  52'  15'.'525 

70° 

45° 

500 

804664.780 

45°  00'  OO'.'OOO 

243°  13'  18'.'356 

10° 

90° 

500 

804664.780 

90°  00'  OO'.'OOO 

271°  16'  14V933 

40° 

90° 

500 

804664.780 

90°  00'  OO'.'OOO 

276°  01'  06 '.'634 

70° 

90° 

500 

804664.780 

90°  00'  OO'.'OOO 

289°  01'  02 '.'923 

mm 

0° 

1000 

1609329.561 

00°  00’’ OO'.'OOO 

180°  00'  OO'.'OOO 

I 

0° 

1000 

1609329.561 

00°  00'  OO'.'OOO 

180°  00'  OO'.'OOO 

70° 

0° 

1000 

1609329.561 

00°  00'  OO'.'OOO 

180°  00'  OO'.'OOO 

10° 

45° 

1000 

1609329.561 

45°  00'  OO'.'OOO 

227°  49'  35'.'353 

40° 

45° 

1000 

1609329.561 

45°  00'  OO'.'OOO 

236°  04'  46 '.'580 

70° 

45° 

1000 

1609329.561 

45°  00'  OO'.'OOO 

269°  55'  22 '.'938 

10° 

90° 

1000 

1609329.561 

90°  00'  OO'.'OOO 

272°  31'  127316 

40° 

90° 

1000 

1609329.561 

90°  00'  OO'.'OOO 

281°  48'  537917 

70° 

90° 

1000 

1609329.561 

90°  00'  OO’.'OOO 

304°  22'  03'.'656 

10° 

0° 

3000 

4827988.683 

00°  00'  OO'.'OOO 

180°  00'  OO’.'OOO 

40° 

0° 

3000 

4827988.683 

00°  00'  OO'.’OOO 

180°  00'  OO'.'OOO 

70° 

0° 

3000 

4827988.683 

00°  00'  OO'.'OOO 

360°  00'  OO'.'OOO 

10° 

45° 

3000 

4827988.683 

45°  00'  OO'.'OOO 

240°  59'  37,.'859 

40° 

45° 

3000 

4827988.683 

45°  00'  OO'.'OOO 

274°  57'  29V108 

70° 

45° 

3000 

4827988.683 

45°  00'  OO'.'OOO 

332°  38'  58'.'143 

10° 

90° 

3000 

4827988.683 

90°  00'  OO'.'OOO 

276°  53'  56 '.*283 

40° 

90° 

3000 

4827988.683 

90°  00'  OO'.'OOO 

299°  54'  41 '.'259 

70° 

90° 

3000 

4827988.683 

90°  00'  OO'.'OOO 

332°  00'  43 '.'685 

10° 

0° 

9655977.366 

00°  00'  OO'.'OOO 

360°  00'  OO'.'OOO 

40° 

0° 

9655977.366 

00°  00'  OO'.'OOO 

360°  00'  OO'.'OOO 

70° 

6000 

9655977.366 

00°  00’  OO'.’OOO 

360°  00'  OO'.'OOO 

10° 

45° 

6000 

96559-77.366 

45°  00'  OO'.'OOO 

281°  01'  127685 

40° 

45° 

6000 

9655977.366 

45°  00'  OO'.'OOO 

318°  23'  43 '.'000 

70° 

45° 

6000 

9655977.366 

45°  00'  OO'.'OOO 

345°  17'  56 '.'277 

10° 

90° 

6000 

9655977.366 

90°  00'  OO'.'OOO 

279°  57'  13'.'199 

40° 

90° 

6000 

9655977.366 

90°  00*  OO'.'OOO 

309°  51'  537419 

70° 

90° 

6000 

9655977.366 

90°  00'  OO'.’OOO 

339°  54'  3/7211 

CLARKE  1866  ELUPcOID 
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DIRECT  AND  REVERSE  COMPUTATIONS  OF  ALL  ACIC  6000  MILE  CHECK  LINES  - 

Clarke  1866  Ellipsoid 


US 


DIRECT  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  </>, .  X, ,  a, ,  S  to  find  <p2 .  X2 ,  a2 East 
longitudes  positive;  azimuths  clockwise  from  north;  no  root  extraction;  only  8  place  trigonometric  natural  tables 
(as  Peters)  required  for  desk  work. 

ZZMEl  7KlL  _  SPHEROID  a  rn  f  2 ,2  O  /H~  3 

1  -  f -  1  radian  =  206264.8062  seconds 


LINE _ 

o 


tt 

O 


*1-2, 


.sin 


JZ 


/ 

N  = 

_  0 

. to  Tje^M/4/c/s  mc/c)  _ 

tan  0 1  =  ( I  -  0  tan  0i 

./73Q  77/6  cos  a,  J&£.$.£&22.ei_  ?_  stf 

~J7 _ 0oJ52.._*.  &  _ 

1$!/  _ _ sin  0o - L - - 


sin  a(_2 
COS  Or,  .2 

c(  =  fM 

c,  =  y4(i  -M*)f  '  3 

cosoi  =  sin  0,/sin  0O_* 

d=S/aD  /•£J£17/0(>  r?<T _ (rad)  d  £3  S  9£fS~<?77‘ 


sin  u 

cos  d  gS S’  W  =  1  -  2P  cos  u  /. 4^2 3S ^YS’/Z  cos  u  2—t..£2/£.  /*/(?  TX - 

V  =  cos  II  cos  A  -  sin  n  sin  d  ■/  .  /PS"  / _  Y  =  2PVW  sin  d  f-S' t  /V  7  X //?  "  ^  _ 

......  14  4  ^1  ..  /A  —  7  .  .  .  .  /  ^  O  ft  /  /?/ 


D  =  (l  -CjKI  -c2  -c,M)  .  992/0  S’ 6&Q& 

P=c2(l  +  Wc,M)/D  -00£ 

?n  a/  s?.s9> 


sin  Ao_ 


cos  Ao_ 


cos  2o. 


tan  aj  .i  =  M/(N  cos  Ac  -  sin  0 ,  sin  A o) 


So  =  20|  - Ao 
_  Oj-i 


tan  $2 


_  -  (sin  0 1  cos  Ao  +  N  sin  Ao)  sin  a, 
_____ 

9  {40**7  -4<r)/ { t-f) 

_ _ sin  Ao  sin  0|  , _ 

cos0|  cosAo-sm0,  sin  Ao  cos  oi|  .2 

H  =  c  1  ( I  -  c2 )  Ao  -c,C2  sin  Ao  cos  So _ 


sin  a 
<h 
A  i) 


_(rad)  H 


CHECK 

M  =  cos  0o  3  cosO !  sin  a!  ,2  =  cos0,  sin  ( 180  ♦  <*2-1 ) 


•  / 

ao__z£6 _ £/_ 

l£.  £7  > 

0  / 

- ... 

// 

J  0  f 

22  yj 

u  ✓ 

/fO  ... 

it 

.„  0  . ... ....... 

-H  /sc?  . 

... .  . . . .  . . 

-  /? 

•  / 

tt 

_ _ _  _ 
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DIRECT  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  . X, , a, . S  to  find  X, . a,.,  hast 
longitudes  positive;  azimuths  clockwise  from  north;  no  root  extraction;  only  8-place  trigonometric  natural  tables 
(as  Pfcters)  required  for  desk  work. 


Hfc-Z-m  f  /■  5?SQ7S. 

I  radian  =  206264  8062  seconds 


♦u  Xd. _ °  & 

0|.j  O  sin  6, 

sin  a!  _i  C? _ 

cos  a, / _ 

c,  *  fM _ CL _ 

c2  -  K(1  -  MMf  JS£2$U322£ 
coso,  ~  sin  0 ■  /sin  8*  -  &3  f 
s/.D  /  V&3&J&3SL. 
sin  d  . 


_ to  r^/e/^/4/^s  f4t/C)  _ 

tan  <$'  oSJ9oftL3  tan  0,  =  ( I  -  0  tan  0, 

££Z£-  C6/t  cos  s,  r&JZ  L7£2„  e ,  S?  CK-Js,  2*3 

M  =  cos 8 o  =  cosfl,  sin a,.2  — L 1 _ _  80  fO  _0 

N  =  cosd,  cos  a,.]  »  _  _  sin  0O  _ 

_  D  =  ( I  - c, K 1  - c,  - c, M) . M2$fjQS&JjLk- 


P=  c2  (I  +  Vk,M)/D 

/  ft 


o,  ^ 

.... _ (rad)  d  ^ 

u  -  2(o,  -d)rj 
W=  1  -2Pcosu^ 


cos  d  d  .asY'k'  yrss  w=i-2p< 

V  *  cos  u  cos  d  -  sin  u  sin  d  +.47  3/C  a/ 

X  *  c]  sin  d  cos  d  (2V*  -  1)  jLiJSLUutu 

sin  Ac _ cos  Ao  _ 

cos  lo _ _ 

tan  Oj -  M/(N  cos  Ao  -  sin  6 ,  sin  Ao)  _ j 

,  -(sin  0,  cos  Ao  ♦  N  sin  Ac)  sin  a,., 

tan  3 - - -a 

( I  -  fjM  . 

C  MA{4P+(Tt  J 

.  sinAouno,  j 

tan  An  3  — r - 7 — — n — — a - 

cos  v  i  cosAo-sino,  tin  Ao  coso, ,} 

H  ■  c,  { I  -  )  Ao  -c,c}  sin  Ao  cos  2U? _ 


»sm  u  y r  9*7  3/  2  9 

cos  u  jjj.  Tit  £  X'XX  */ 


Y  3  2PVW  sin  d  9  9/J  6  7  _ 

Ac  -  d  ♦  X  -  Y 

_ __ _ ao -j& . f7 . 

Io  *  2o,  -  Ao  . .  .  .... 

•  /  v 

-  «i  •  1L  O  _ 


01 

_ ifjt  - 

s> 

-  An 

JJtO. - 

Had)  H 

CHECK 

M  »  wxssfle  *  cos®,  smo,.j  ■  cos9,  sin((80»  Oj.,1 


ax  =  a*)-h.//4? 

Xj  =  x,  ♦  ax 2c. . 
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INVERSE  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  X, .  6,.  X.  to  find  S.  a, .,.  u: ., 
Azimuths  clockwise  from  north;  east  longitudes  p  \otive;  no  tables  except  H-phce  natural  trigonometric  (Peters),  no 
root  extraction. 


*"U- 


v;iD  a 


44f  £££££326^  ‘//fxJ&i*  v;  f  2tf.2£U£t  >  07SX  /6'2- 

.  a  fir  I  radian  =  2062M.K062  seconds 


a  /  t*  o  /  // 

». _ yg  ...  <?  - . z?  _  I  A  ° _ 

*■  3?  v£J2<T  :  _JT^£M/l£iLL _ x,^J _ (2 _ fl _ 

tan  0i  *JL2.f£2.  <92£l3L _ I  always  west  of  2.  AX  =  A,  -  A, /ft?.  O  £2 — 

tan  0:  /'  tf£3_  <ZHQr _  tan  0  -  ( I  -  0  tan  £  AAm  =  4AA  .  fo  Q  o 

A  lawns'  tan  Oi  s.nAAm  .  L 

0 ,  ££—£¥^.../<Z-£2J23  tt  tan  0:  .  _ f  tar.  AX  _ 2?  ._.  _ 

«m  =  '*(« .  +  *a  >  ^  /2.7i9*  n  0m  I22J—  cos  0m  /  .  f>?  .... 

A0m  =  '40,  -0, )  l  W  A0m  £?0>  cos  A0m  j*  ,993/  77  03  _ 

H  »  cos‘A0m  -  sni20m  =  cos* 0m  -  <>£  t£  -  L  ... _#  ,  £37.9.7  l£.(n2k . 

L  =  sirr  A0m  +  H  sin*’  AAm  ^77Q>7*/3?  .,w.tgi>M  y  .on-?  Vf/> 

L  =  2  sin*0m  cos*’A0m/<  I  -  L)  //9?nr/i42'  a  u  y7  jhym 
V  =  2  sin!A0m  .os*'0m  \  iA2J>/tL&sW  d  .<t$.ZY.33.t.S:  d  trad)  / 

X  -  L  ♦  V  JL  Q4Q8teQY£>  i  i  'art  d  /, £/7/f //*£/_  E  -  2  cos  d  A,  #>>.*' 

v  =  i  -v/.f*xr*a7i/.  x>-A\t,2o7£kQt22Z.  ii  *  2d  /f*9/£S2/Ui 


S,  -  a  siri  d  •;  i  -  4,dl 
I  =-  ;V  -1(4-  XI  .  „.. 

(.  «  ;.-l7  *  if*'  o-4 1  M 
•‘--'m  N  (AX  ♦  y»  * 

of 

v  a  jjitan  ic;  I  ^ 

n  *  arctan  c(  s  Q 

•»  / 

o ,  *  v  -  u  . . .  O 

1  I  C;  O,  J 


\  =  di  737322  3  £/ 9/2 -  c  t  -  r  (A  -  w/j2S?i 02Sj£$  t  hh  k  t  -  n  i  ♦  \i>  it  -  ? 

.,,  X ,  A  *  i-\>+6,?£S73. 1  n, * v (H  ♦  i  v > t3C  JSJlOlQS  m  « n\x  +sr.rz  77  7Sj£ 

A  ,  J  .-  'y  in.  -  Vj  aeofX>te  £  .  - -  X.d1  tf'  r>axn,  -n;  ♦n,)V-  ax»c>/o$i? 

B  rri  S  j  5  a  sin  d  1 1  -  A ,  d  »  o  .  d ) . 

,  M  *  ;2T  -(2tt  T  -  A)  X  -tB  »  4i> 

a  > 

-  (It.  tan  2.X )  i  a 

tan  2„Xm  -  fa* A *++<*=> 

c*  =  Cv's  24m  i sin  «rm  Ian  ,Xm  l  -+  o 
Ci  ■'  -  vn  24*m  (cos  9m  ran  2,Xm  i  ^  O 

O;  *  S  *  U  Q 

o:  t 

.  _  r=S.S='  *■  '  * 

«•  4?  „  .  ;^-0; 

O;  ...  _  2W)  -  (J, 

ISC)  -  O;  ....  .......  ISO  •  O, 

ISO  -  0|  _  _  ISO  •  O; 


ll^ 


DIRECT  POSITION  COMPUTATION  FORM  FOR  LONG  LINFS.  Given  0, .  X,  .a,  .2 ,S  to  mid  02.  X, . a2  ,  Fast 
longitudes  positive;  azimuths  clockwise  from  north,  no  root  extraction,  only  8-place  trigonometric  natural  tables 
(as  Peters)  required  for  desk  work. 

/jtA-L.  SPHEROID  a  m  f  tiXJP ZZ 

i.f  1  radian  =  206264.8062  seconds 


LINE 


,  to  S/4S/C ) 


0.  _ £. 


“1-2, 


.sin  fi, . 


/ 

N  = 

_ a _ 

tan  0|  2->.  iy?y  ?  tan  6 1  =  ( I  -  0  tan  0, 

_ cos  fi 1  .STJOWM  e,  Af  S'C 

M  =  cos  fin  =  cos  0  (  sin  Q1  _2  .  ^ _ 0„_fc2 _ °  -  &- 

OSOi.j  S,  _  sin  0o - ^ - - - — — - 

D  =  (1  -  c2)(  1  -d  -c,MU  9QP2Q 
P  =  c2  (1  +  V6c,  M)/D  .  QOo2Y?<?S7ttS 


sin  fl[  _2 
cos  Oi  _2 
Ci  =  fM 

c2  =  M(1  -  M 2 /O'  3 
cos  0|  =  sin  fi  |  /sin  fi0  S.  &/  )  a 

d=S/aD  3S* _ (fad)  d  S3  /y,6/e  s 2£££2ZL2kL  n 

sin  d  ^  7L ^7^  u  -  2(o |  -  d)  ST&* ^00<m  u  .  7^  ?f/ jJ? 

cos  d  ■/_,  W  =  1  -  2P  cos  u  ¥■  /,  0QJ/  7 / cos  u  _r — .  — 

V  =  cos  u  cos  d  -  sin  u  sin  d^L*.  J SS’O  >  833  ?<r  Y  =  2PVW  sin  d  * .  0O  //t,V76'/7L _ 

I"  fc*. 


X  =  cJ2  sin  d  cos  d  (2VJ  -  I)  — .  *  39V* /O' /'/fh&rt)  Ao  =  d  +  X  -  Y 
sin  Ao _ _  cos  A  a _ Ao 


cos  So. 


So  =  2oi  -  Ao 

_  «2-l 


tan  a2 .!  =  M/(N  cos  Ao  -  sin  0 1  sin  Ao)  _ £2 _ 

tan  ^  _  -  (sin  0 1  cos  Ao  +  N  sin  Ao)  sin  a2  .t  fi  mV3£>y  Vi.4/i 

(J -OM  ,, 

e  {<?£>  r)A 

_ _ sin  Aosinai.2 _  O 

tan  ^  cosfii  cosAo-sinfi|  sinAocosa|.2 

H  =  C|  ( 1  -c2)Ao-CiC2  sin  Ao  cos  So _ Q. _ 


sin  a2., 
02  . 
At? 


j  l  <£  &JL 

«  /  // 

j.ta _ 


.(rad)  H - Q— 

AX  =  Ai?  -  H 


-  <8 


CHECK  „  /  /' 

M  ■  cosfio  -  cosfii  sin«i.2  *  cos  fi2  sin  (180  +  a2_i )  X2  =  Xt  +  AX  .  _ 
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INVERSE  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  <*>,,  X,;  0,,  X2  io  find  S,  a,.2>  a2.,. 
Azimuths  clockwise  from  north;  east  longitudes  positive;  no  tables  except  8-place  natural  trigonometric  (Peters);  no 
root  extraction. 


I  -  f  =  b/a  -e_ 
f 2  /64 


I.  always  west  of  2. 
tan  0  =  ( 1  -  0  tan  i 


AX  =  X2  -X, 

AXm  =  MX  — £ 


cos  d  =  1  -  2L 


f/i 


T  =  d/sin  d 


E  =  2  cos  d 


A*DE  LOZtMY&L 
n,  =  X(A  +  CX)£JL2££ 
5 1  d  =  V4f  (TX  -  Y) 

S(  =  a  sin  d(T -6(d)  M 

F  =  2Y  -  E  (4  -  X) _ 

G  =  14IT  +  (fJ/64)M _ 

AX;  =  »  (AX  +  0)  eljLt 

v  =  arctan  lc2 1  _ Q. _ 

u  =  arctan  lct  I  CL _ 

a,  =v-u  _ O 


C  =  T  -  M  (A  -  E)/.^2 /S&J033  CHECK  C  -  !4  E  +  AD/B  *  T 
Vnt  =  Y  (B  +  EY)^fta^2/n3  =  DXYJ? £.  g_ 

££££ _  52d  =  (f2/64)(n,  -  n2  +  n3 )  ‘+J?0Q00/0f%S’-~ 


m  S2  =  a  sin  d  (T-5td  +  62d)^yy£j| 

_  M  *  32T  -(20  T  -  A)  X  -£B  +  4)  Y _ _ 

_  Q  ~  -  (FG  tan  AX)/4  0 _ 

tan  AX„  -*?*/}  A  <*? _ 

c2  =  cosA0m/(sin0m  tan  AX^,)  'tP . 
c  i  =  -  sin  A0m  /(cos  0m  tan  AX„ )  P 

i »  /  // 

a>=v  +  u  _ *2 _ _ _ 


jawMtww1 


DIRECT  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  .  X, .  a, .  S  to  find  <Pi ,  h ,  o, .  East 
longitudes  positive;  azimuths  clockwise  from  north;  no  root  extraction;  only  8-place  trigonometric  natural  tables 
(as  Peters)  required  for  desk  work. 


.SPHEROID  a i 


l  radian  =  206264.8062  seconds 


.sin  0,  » j 


Zafa.  tan  0 1  =  ( I  -  0  tan  </>,  .  /7S  7  JX  ?  % .7/ 
cos  0,  0,  Aytf 


sin  Qi.j  _ 
cos  a(  .i 


_ M  =  cos  0O  =  cos  0 ,  sin  a,  •_ 

N  *  cos  0  j  cos  a!  .j 


d-m.Jia.2J6.0f4M _ 

Cj  =  V4(l  -Ma)f  J2DD 

« 

cosoi  *  sin  0 1  /sin  0OJt  A*J£J>A32.-  -o 
d=S/aD  /<£jLJ2-“k __ ( rad)  d 


_  W  =  I  -  2P  cos  u  .j 


V  *  cos  u  cos  d  -  sin  u  sin  d_«_Z 
X  =  cJ,  sin  d  cos  d  (2V1  -1)_^ 


cos  A a  -r  « 


tan  a2-i  s  M/(N  cos  Ao  -  sin  0 1  sin  A o)  -  f . 

,  -(sin0|  cos  Ao  + N  sin  Aa)  sin  O2.1  - 

ta„0, - -  2 


D  =  (1  -CjXI  -Cj  -C,M). 

P  =  c2  (1  +)4c,M)/D 
/  // 


Y  =  2PVW  sin  d 
Ao  =  d  +  X  -  Y 


So  =  20i  -  A o' 


sin  a}.i 


- . 9 Mr  S'??* 


tan  At? : 


sin  Ao  sin  a|  _2 


cos  0|  cos  Ao  -  sin  0 1  sin  A  a  cos  Q|  .j 
H  =  Ci (I  -  Cj)  Ao  -C|Cj  sin  Aocos  loj.  J32L 


CHECK 

M  =  cos0o  =  cos0|  sin«|.2  *cos0j  sin ( 180  +  aj.! ) 


.(rad)  H  _ 
AX  =  At?  -  H ._ 
Xi 

Xj  a  X,  +  AX  _ 
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INVERSE  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  0,,  A,;  02,  X,  lo  find  S,  a,.,,  a,.,. 
Azimuths  clockwise  from  north;  east  longitudes  positive;  no  tables  except  8-place  natural  trigonometric  (Peters);  no 
root  extraction. 


cijQgze 

SPHFROin  a  *77710*-*  m  h  *3SrC  SB  “3  .  ? _ m 

t  _ f  =  s/a  .40LC.099  2¥7  /7 

wr /.£4<r<97  ttlr07?jt/0 -  3 

f,,64jZ2B^ 

3  79*707*- 

1  radian  =  206264.8062  seconds 

©  / 

*«  //9 

ft 

O  1. 

/2£/tr/jZ  SM/t)  X,  -JV  <? 

♦.  _ S2L 

grig/  i- 

OL£j£J!2MyA _ >■  az.«y 

tan  <f>i 

tan0v  90*?  17*  L 

8, 


1.  always  west  of  2. 
tan  8  =  (1  -  0  tan  0 

tan  02  '.ffJS.  tS'fl _ 

tan  0,  -  ZJSL  7  If  *  V 

sin  0m  .+  LZCML 

sin  A0m 


ax  -  x2  -  x,  9sr  7?  A  LtCt 


AX, 


=  MX 

sin  AXm  ^7397  1172 L 
tan  AX  T  /£.£'37SS“}? 

cos 0m 
cos  A0m 


^SH.7j9?TJ7/0^M 


K  »  W.  +  »a) _ 

A0m  =  W(02-0,) _ 

H  =  cos2A0m  -  sin20m  =  cos20m  -  sin2  A0m fSZjJQSb I  -  L 

L  =  sinJA0m  +  H  sinJAXm  97Z09ftfJt  cos  d  =  1  -  2L  .0f£?.0f*Z _ 

U  =  2  sin20m  cosJA0m/(l  -  L)  '7*9*790*2?-  d  -& _ *7 _ 

v=  2  sin2A0m  cos20m/Lji  ist&tmsmi  .weysr?./.  d  (rad) 

x*u  +  v/Mfa/I2&J.  T  =  d/sin  d  /'SnMi&ysL  E  =  2  cos  d .  .  //// 

y.u-v  .vso3>?tr 7f  d  ■4T,f.xgzy7x?-f'tfr  b  -  2d  /r.y/rfYfsfs 

A  =  DE  /.^a  fZ  on*  977  C  =  T  -  V4  tA  -  F)/g.f£?3  f0098 CHFCK  P  -  K  F  +  AO/B  =  T 

n,  =  X  (  A  +  CX)/. /tOJZylQJL  n2  «  Y  (B  +  EV)  7-993*379 S.(*  n3  =  DXY  *077  9*9 ij £  . 

6,d  =  Kf  (TX  -  Y).  gf  g  *Z90 _  02d  =  (f^/64Xn,  -  n2  ♦  n3)  -  .  006060 'jQjJL- 

s,  a  a  sin  d  (T  -  S !  d)  9  A  ST  97  4 .  2,4/%’  m  S2  =a  sind(T-5,d  +52d)^££222iil^2™»m 


f = 2Y  -  e  (4  -  x)  Ajf  agifor  Sl^jJL. 
G  =  VifT  +  (fJ/64)  M  'MllS  7  2 31 9-7  9- 
AX;  *  K  (AX  +  Q)  _ y/  £2,699 


v  =  arctan  lei  1  _ 6  J 

irf 

xiltrL 

u  =  arctan 

1.2,  1  /* 

rf 

xa.tsy 

0|  *v-u 

if 

V* 

c9 

c,  c2 

ai-i 

/  #/ 

+ 

0| 

¥9 _ S9  r9.44f 

+  + 

a2 

180  -  a2 

+ 

180 -a,  _ 

M  =  32T  -(20  T  -  A)  X  - 'B  +  4)  Y &2&94X222 

Q  *  -  (FG  tan  AX)/4  -t _ /  Z  ZtSlC? 

tan  AX;  _JuJ4J.Y  /I  *  ? _ 

c3  *  cos  A0m/(sin  0m  tan  AX^,)  +  /  7.729.172? 
c,  =  -  sin  A0m/(cos0m  tan  AX^)  —  *  3 OS?  JJ Tlllt 

_<>20 

*360  -  0,  jLtZ. 

360 -a, _ 

180 +  Oi _ 

180  +  q2 _ 


-htLui l 


.fiLZ _ d2^ez 
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lfe‘*^l*J**  *•  ' 


I 


DIRECT  POSITION  COMPUTATION  FORM  FOR  LONG  LINES  Given  0, ,  X, ,  a,  _2,  S  to  find  *2.  \2  ,a,., .  East 
longitudes  positive;  azimuths  clockwise  from  north;  no  root  extraction;  only  8-place  trigonometric  natural  tables 
(as  Peters)  required  for  desk  work. 


f  i,s?c>c>?£>n *  /Q'3 


INVERSE  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  0, .  X, ;  0,,  Xa  to  find  S,  a,  .2,  a3.t. 
Azimuths  clockwise  from  north;  east  longitudes  positive;  no  tables  except  8-place  natural  trigonometric  (Peters);  no 
root  extraction. 


d SPHFRnm  a  JL?7fl/)L  ,Y  m  b  A  fff*  i'&3  •  9  m 

1  -  f  =  h/a  -  0<?92</7/7 

>.4f  /  4  era*  76  7/?*MrKj.w?4r/&>D?srjt/£  •/ 

1  radian  =  206264.8062  seconds 

O  !  ft 

0.  </0  O  O  1.  _ 

p£/b/A/  \,~/r  0  "e 

»■  {£.  CZ  SLiim.  2. 

'T£J?M/A/CtS. _ x2^2i _ G*  AfutiU. 

tan  0i  .mo 
tan  02 

/  "i  . 


U3. 


1.  always  west  of  2. 
tan  0  =  ( 1  -  0  tan  0 

tan  01 


AX*Xa-X,/^5> 

AAm  =  !4AX  .  l£t .  <?(  -  1%$/D 
sin  A Xm . 

tan  AX  — *l/i  2x9/y9c9  _ 


«2 

®,  J&- 

0m  -W,+«a  )}?_33-$£323  sin  0m  A  ,  .127.31  ...  ___ _ 

A0m  =  14(02  -0.)-fr  IQ  t//y02r ItV  cos A0m ?  lj&££ 

H  =  cosJA0m  -  sin20m  =  cos30m  -  sinJA0m  i  -  l _ _ 

L  =  sinJA0m  +  H  sinJAXm  JWtljSI&S _  cos  d  =  I  -  2L  *££±>90/# 

U  =  2  sin20m  cosJA0m/(l  -  L)  OX  722. —  d  - ■ I3t 

V  =  2  sinJA0m  cosJ0m/L  d .  9? t*  n*7 

x  =  u  +  v £jJq4£ALll xJ.  .  t  =  d/sin  d  /.£M9>7J£/L 


d  (rad) 

E  =  2  cos  d .  -U/23L&13L 


y»u -\/,yQQftyym  .  d - y_  b=2d  /i*yqzcy9WZ 

A  =  DE  /.  £>79X99 29S  V.  C  ■  T  - 14  (A  -  E)  10 ff f/7t22S CHECK  C  -  14  E  +  AD/B  “  T 
n,  =  X  (  A  +  CX)i.  &CL2V61Q  na  «  Y  (B  +  EY)  te‘QQyj(29SL  n3  *DXY //,  /?/ 3-7 


g  1  d  °  14 f  (TX  -  Y)  .000,179 &JS  7  2 _ 

5  a  sin  d  (T  -  6 ,  d)  ftfttt?' 


S,  -i 


m 


F  -  2Y  -  E  (4  -  X)  _ 

G  =  !4fT  +  (f’/64)  M  e 00 if 4 1 9 
ax;  «  >4  (AX  +  0)  _Jcl _ ft  OXJYk 


*U- 


v  =  arctan  lca 
u  3  arctan  lct 

Of,  =  v  -  u  _ 

£| _ £2  0(^2 

+  «i  . 

+  ♦  oa. 

-  180 -a, 

+  -  180-a, 


# 

JO. 


/f  at  M2 


j. _ 9/  SJttel. 


-J4 _ 


4&- 


6ad  « (fa/64Kn,  -na  +  n2)~.  002000729. - 

S2  »  a  sin  d  (T - 6 , d  +  M) SA££££Li£Smm 
M  -  32T  -(20  T  -  A)  X  -^B  +  4)  S -*Y^  AVr>0  33? 

0  «  -  (FG  tan  AX)/4  ± _ 2 _ 

ten  AX^  /.7J909CQ9 _ 

c:  *  cos  A0m /(sin  em  tan  AX^, )  fn&y&ji. 

C|  *  -  sin  A0m/(cos0m  tanAX^)  ±J22$CJ&£L 

*  t  ** 

a}  ■  v  + 1 
02-1 

360-oa 


180 +  o, 

180  +  Oj 


# 

- CL- 

t 

# 

12 

125 


1 


DIRECT  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  .  X, ,  a, .  S  to  find  0, .  X, ,  o, Fait 
longitudes  positive;  azimuths  clockwise  from  north;  no  root  extraction;  only  8-place  trigonometric  natural  tables 
(as  Peters)  required  for  desk  work. 


.SPHEROID  a 


1  radian  =  206264.8062  seconds 


tan  fl,  =  (I  -  f)  tan  0,  /  b  SjUo. ... 

cos 0,  fl,  At 


sin  a( .] . 
COSOi  .2 


M  =  cos  0O  =  cos  0  i  sin  Oi 
N  =  cos  0 1  cos  fti  .2  - 


c.  -  fM  /JZ _ 

c,  -14(1  -M*)f  .000717 AS03Z? 

cosoi  ■  sin  0i  /sin  0O  J±rtl£3-A 
d-S/aD 


D  =  (l  -CjKI  -c2  -c,M). 

P  =  c2  (1  +  WC|M)/D  .1 
/  •• 


_ (rad)  d 

u  =  2(0!  -d )ZJ. 


W  *  I  -  2P  cos  u . 


V «  cos u  cold -  sin  u sind 
X  *  cj  sin  d  cos  d  (2V1  -  1 ) 


fSjm  Jri 


Y  *  2PVw  sin  d 
Ao  *  d  +  X  -  Y 


!ll¥*VJ»mi 


sin  Ac  Sinaia 


7377**0 


YrMTJ 


IF.CI 


INVERSE  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  a,,  fc,  X,  to  find  S.  o,.j.  a,.,. 
Azimuths  clockwise  from  north;  east  longitudes  positive;  no  tables  except  8-place  natural  trigonometric  (Peters);  no 
root  extraction. 


1  -  f  =  b/a. 
f1/64_t-/) 


.SPHEROID  a 


1  radian  =  206264.8062  seconds 


1.  always  west  of  2. 
tan  B  =  (1  -  0  tan  0 
tan  Bi  j2£24L J 


em  "  Jfomyj  sin  0m  /  r  X3/L _ 

=  w,  -  e  ,)-a4. 

H  =  cos2A0m  -  sin1#,*  =  cos20m  -  sin2  A0m  ,371flL0?t>iK\  -  L - »_JL3 

L  =  sin2A0m  +  H  sin3AXm  *Y7  X /tt  2 it -  cos  d  =  I  -  2L 

Q 

U  *  2  sinX  cos2A0m/(l  -  L)  /•  YY/&  d 

V  =  2sin3A0m  cos30m/L  lf$$L 


AX  •  Xj  **  Xj 


tan  AX 


cos  A0„ 


x  =  u  +  v  A  Sf2Q‘ 

y  *  u  - 

A  =  DE  /mJCLLSHSLA 

n,  =  X(  A  +  CX).£i 

«,d*  Wf(TX-Y)^ 

S(  a  a  sin  d(T  - 6 , d) , 

F«2Y-E(4-X)JtL, 

G  «  VifT  ♦  (f3/64)  M«j 

AX^  -  Vi  (AX  +  Q) 

v  *  arctan  lca  I  JL 

u  *  arctan  Ict  I  -JS 
•> 

a,  *  v  -  u  /Y 


d  (rad)  / 
E  *  2  cos  d . 


T  .  d/sin  A/jr/  ?7<?<//2  L6  E*2cos  d -*.//&  i.ZH 

p = 4T2  f.  x  /Y'79iaVS‘-  b  -  2D 

C  *  T  -  »  (A  -  t)/M  f&S&ftHECK  C  -  %  fc  +  AD/B  *  T 
na  «  Y(B  +  EY )/f.$y/039iy  na  «  DXY  /7-  /YJY  71 
'JJjk. _  —  6|d  ■  (f3/64Knt  -  na  +  nj)  ja&MCzr 

3-  ♦  A70>  m  S]">smd<T-6ldtM)|^££Z&£ 

_ M  *  32T  -(20  T  -  A)  X  +  4)  Y 

7TS40’  V  0  ■  -(FG  tan  AX)/4 _ Y _ t 

ifijJteJL  tan  ax;  A’ASjjY^/S-9-9 - 

0/xTLV  Cj  «  cos A0m/(sin 0m  tan f/ff  l 

’i .  /if  C|  »-s»n  A0m/(cos6-  tan  AX^)J^  j.,27#?.2 

"  .  a  1  /  " 

2LZZY  a, « v  ♦  u  __44f: - cl - a - 


jULIIA 


180 -Oj . 

180-cr, 


360  -  a, 
360 -a, 
180+  a, 
180  + a, 


i 


\ 


£ 


DIRECT  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  0, .  X, .  o, .  S  to  find  02 .  X, .  Oj  ,  hast 
longitudes  positive;  azimuths  clockwise  from  north;  no  root  extraction;  only  8 -place  trigonometric  natural  tables 
(as  Peters)  required  for  desk  work. 


INVERSE  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  *,.X,  to  find  S.  o,.,.  a,.,. 

Azimuths  clockwise  from  north;  east  longitudes  positive;  no  tables  except  8-place  natural  irigonometric  (Peters);  no 
root  extraction. 


/fLC  SPHEROID  m  h  /XT/,  TXX.S  m 

«_f-h/.  7/7 

m  /./4s  oiycy/i ryprKj  fy7S/ff>97Sx/o 

*  1  radian  =  206264. 8G62  seconds 

/  * 

/a  o  o  i 

0£/£/V  fyS/C)  x.-/r  o  O 

0a _ <2 _ XQ  SfA'Ll  2. 

■TS/e/d/MPS _ 1x2_4£ _ 97.  U2S1S1 

I.  always  west  of  2. 
tan  6  =  (I  -  0  tan  0 

tan  .  ^4C2l$-LA6t— 
tan  0,  J7.SL2  24.X?.. 

/y  4  .00/3  jaoI 


ax  =  x2  -  x,  XL  f7  aS.2Sf 
Axm  =  'MX  yX  xS  j2L2f 

sin  AXm 

tan  AX  +  /7.fr/srf'3 _ 

cos  em  ± _ .  9f  rt 

cos  tsm  + 


jtjLZJfsjxxj: 


cos  d  ■  I  -  2L 

U 

d  XL 


.0Sk  7 'MSZ- 


Aflm  =  mb, -e>)-Y  f&jxsiS’  sin  A Bm  X  aflY-easA 
H  =  cos,Adm  -  sua30m  •  cosJ0m  -  sin1  Ad*  S&tCiWs  I-L 

L  =  sinJA0m  ♦  H  sin2  AXm  .97/ it?  nz/s- _ 

U  *  2  sinJ0m  cos’ A 6mft  I  -  L)  .03  US  JUS'S Y 
V  =  2  sin1Adm  cos)emIL.0?f£ftW/£ sin  d 

x-u>v  os  $9/  T  *  d/sui  d  IS/Wll Y2I/2 _ _ _ _ 

x*u-vj?ja.%!iQ¥Lj23--  D ■  B-2D  /X.I9LJ/901A? 

A -PE  .  C  »  T  -  14  (A  -  b)lJg&&S2&i&<:H£CK  C  -  4  E  ♦  AD/B  *  T 

X{\*CX),0UU4t2S’97  n,  «  Y  (B  ♦  EY  )JfS/S9SSlUS  n,  -  PXV  MQjSYfSfl  f 


yy _ yq.qo'is 

d (rad) 

E  *  2  cos  d  //JS71/L 


n,  « 

->1)4^.6000 7YL  1*9 

S,  ■  a  sin  d(T  -  <|d) ,  tkLSk  XLL&L&bm 
F  •  2Y  -  E  (4  -  X)T-..»ty/ta.  XSMt3dL 

g  ■  hit  ♦  (fl /64)  m  O0XX7X7  fXXT 
ax«  •  *  (ax  ♦  o)  J&. _ 

v  ■  arctan  Jcj  ■  -  /r  oj  yj*xa> 

u  *  arctan  ict  I  $L _ St-JbL Loo 

a 


m 


**-u  — X/2. - flJk — yLJtQlr 


C| 


-  M  • 

♦  a>  - 

♦  «,-0g.. 

-  I80-O, _ 

-  IRO-o, _ 


6jd  a  (^/WKni  -  rtj  ♦  n,) 

St  -  a  on  d  (T  -  < ,  d  ♦  M)  USS^ILIXX  "> 

M  -  32T  -  (20  T  -  A)  X -£8  ♦  4)  X  J^LjCteifLOS/ 

Q  •  -  (EG  tan  AX)/4  ± _ IZ  *Lt$M 

tan  AXm  .9 SO  >  /SYCL _ 

c,  «cos  Ad^/fun*,,  tan  Ap  f// ,  jflPjftjT Jt >3- 

c,  *  -  un  A0„'(coj  9m  tan  AX^,)  J* - tLSiTP 9/XS 

a,  "  v  ♦  u  fa  A/O 

LL 

360  -  a» 

360  -  oi 
180a  a. 

180  *•  Oj 


129 


4 


DIRECT  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  ,  X, , ct, ,  S  to  find  *2.  X2 , a2 .  East 
longitudes  positive;  azimuths  clockwise  from  north;  no  root  extraction;  only  8-place  trigonometric  natural  tables 
(as  Peters)  required  for  desk  work. 

’ZaaI^Z  TKk  .  SPHEROID  a  m  f  Ct?  S’%&3 

i-f  ,49  U  o<?9w7 /7  I  radian  =  206264  8062  seconds 


LINE  /Ct/Af 


2£L 


a,  f/7  O 


sin  a;  _2 

COS  0|  _2 

c,  =  IM  JKSL&  00 S&ZJX 
c2  ■  K(1  - M*)f  .0QO i.Y£J39$7 
cosoi  =  sin  8 1  /sin  1 _ 


to  n-/etf/A/  i/s  f  4t/c  ) 

tan  0,  =  (1  -  0  tan  <p, 


tan  <f>t 

sin ex . &/£L04/2_  cos  9,  ±2&2£/Z£3Lel  *9  sV  /_S2&3 
_  M  *  cos  6 o  =  cos  3 1  sin  a>  .2  -££>s  &/  _  _ e0  ^ _ 


N  =  cos  6 !  cos  a, 


sin  6 o 


d  =  (i  -c2ki  -  c2  -  C,  M)  J£5LLia.JtlcuJ2- — 

.  00o  ssrvot*  97sr 


0| 


P=c2  (1  +  ttc,M)/D 
o  /  // 

0 _ 0 _ <2__ 


d“S/aD  /  S’./ Zft-J&lfiLSL _ (rad)  d  tL  S*  S  f££££2ZJ&&.  B 

sin  d  jt  .  f  6  OS 90.  u  =  2(g,  -d)  ~/J&  SftfutStf  sin  u  — T_-„  jast*/  z  /// 

W  «  I  -  2P  cos  u  4/  todktllZiJ  cos  u  -  .99  W  *  7AT- 

V  =  cos  u  cos  d  -  sin  u  sin  d  .:.£&*  gf _ _  Y  =  2PVW  sin  d  f  £2paO  SC 

X  =  c2  sin  d  cos  d  (2  V*  -  1 )  -A3Z  _  Ao  =  d  +  X-Y  /  S t79O0  JO  S.  7— —(rad) 

sin  An  ^  .  0J<?9  cos  A o  ±  A/0J.„  to. 


cos  In  * 


I a  =  2oi  -  Acr  -  ■**  A  &“ 


tan  a2 ,|  =  M/(N  cos  An  -  sin  8  2  sin  An)  -/•  /f?V  7ff  V  f  /  fiSZQ 


tan  02  =  ~ (si"  - 1  cos  An  tN  sin  An)  sin  a2.,  ±_Q&Q  /ftf, 

(1  -  f)M 

0 1 


ZsJJJS  s?6£L 


o 

jL 


sc  s-r.  39  7 


tan  Atj  = 


sin  to  sin  a 


i-j 


.■a surname. 


cos0|  cosAo-sinfl|  sinAocosai.2  ^ 

HaCi(l  -c2)Ao-C|C2  sin  An  cos  I a£  <j2&2?4£/J?7  ( rad)  H 


0 

utZ. 


JC0. _ ik&LY 


J.3. _ 3JL5SC 


ax  =  At?-h...£7. 

x.  -JLZ L 


jxj. _ aitjttY. 


CHECK 

M  =  cosi)0  =  cos0!  sinai.2  -cosfl2  sin (180  +  ora _2 ) 


/  " 


=  X,  +  AX 


130 


INVERSE  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  d, .  A,;  fc,  X2  to  find  S,  <r,.2,  a2.,. 
Azimuths  clockwise  from  north;  east  longitudes  positive;  no  tables  except  8-place  natural  trigonometric  (Peters);  no 
root  extraction. 


1.  always  west  of  2. 
tan  0  =  (1  -  0  tan  ( 


AX  =  X2  -  X 
AXm  =  MtAA 


em  =  iA(6 ,  +  srsr  ii.wy  sin em  cos em 

=  HO 2  -et)~jr<9  r2.1?f  sin  Mm  cos  A 9, 

H  =  cos2 A0m  -  sin20m  =  cos26„,  -  sin2 A Bm  .n 7fy 

L  =  sin2A0m  +  H  sin2  AXm  ,  WIO  Z-  _  cos  d  =  I  -  2L  •0ST 

at 

U  =  2  sin2 6m  cos2  APm /( 1  -  L)  +£L$ 7XfSL^~  d  - ^7- 

V=2sinJAffm  cos20m/L  £&£&&&-  sm<W,  ty  39S1L-  d (rad) 
X-UtV  .  Pi  1-u/sind  Li/1*  e  =  2  o 

Y  =  U  -  V  £62jLl  P  *  4T2_£,.Zgf&£,  J/f'ZL. .  B  =  2D 

A  =  DE  /J22J&3111L C*T  -  !4  (A  -  CHECK 


cos  em  _ 

cos  &8m 


d (rad) 

E  =  2  cos  d 


CHECK  C  -  K  E  +  AD/B  =  T 


n,  =  X  (  A  r  C n2  -  Y  fB  +  EY) 

6 ,  d  =  Kf  (TX  -  Y)  ±  _ _ 

S,  =asind(T-6 ,«:,£££f97*>  *P10  ..  .  r 

F  =  2Y-E(4-X)~JEZ&ll£<2ggZ£ _ 

G  ~  VifT  +  (f1  / 64)  M  3?- _ 

AX,;  =  Vi  (AX  +  Q)  _ s£-~  ti$i3 

v  =  arctan  lc2 1  _ _ etfL^MJhaJtg 


u  =  arctan  lei  I 
ai  =  v-u _ A 


trC .  7  Of 


)  .  n,  =  DXY  .Jl&kS  &sir _ 

_  82d  =  (f2/64Xn,  -n2  +  nj)  *M&O0SLZ.aZ _ 

m  S2=asind(T-M  +  M)J4^gZ2^Li^m 
—  M  =  32T  -  (20  T  -  A)  X  -£B  +  4)  YJL 

_  Q  =  -  (FG  tan  AX)/4  jfe _ /Jt  -  UltZ 

tan  AX^ 

c2  =  cos  A5m  /(sin  0m  tan  AX^)  &  >  7S‘7&9J3‘ir 
ci  =  -  sin  A0m/(cos  0m  £an  AX„)  JL  zimis&tf 
«:  =  v  +  u  — £« — nftfff 


DIRECT  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  ft ,  X, ,  a,  .1 .  S  tu  find  $2 ,  X, .  a2 .  East 
longitudes  positive;  azimuths  clockwise  from  north;  no  roo;  extraction;  only  8-place  trigonometric  natural  tables 
(as  Peters)  required  for  desk  work. 


0 ,  =  ( I  -  0  tan  <p) 


sin  a,  .1 . 

COS  Q|  _2 


M  =  cos 0O  =  cos0(  sin  o,.2  5L 
N  =  cos0,  cosa,_2  O 


_  sin  0n  ~ 


c,  *  fM«^3g U&gS&A t _ 

c2  =  Pad  - M2)f  J>0QJ#7 7t/££ 

coso,  -  sin  0 1 /sin  0o_^ _ o, _ 

d=S/aD  /jSLlk  ?7  J  9lX  3  __  (rad)  d 
sin  d_*  _  u  =  2(0,  -d)«=i 


D  =  (I-c2Kl-c2-c,M). 
P  =  c2  (1  +V4c,M)/D 

/  n 


W  =  1  -  2P  cos  u . 


V  =  cos  u  cos  d  -  sin  u  sin  d_SLz 
X  =  c2  sin  d  cos  d  (2VJ  -  1 


y/yxy  ya-/-  cos  u  _ 

Y  =  2PVW  sin  d  ■£  1  £,  Y _ 

Ao  =  d  +  X  -  Y  /.£  f&L  ¥  ^  ^  f  ? — (rad) 


M  =  cos0o  3cos0,  sina,.2  *cos02  sin(i80  +  Q2., ) 


INVERSE  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  0,,  X,;  02,  X2  to  find  S,  or,.2> 
Azimuths  clockwise  from  north;  east  longitudes  positive;  no  tables  except  8-piace  natural  trigonometric  (Peters);  no 
root  extraction. 


1  -  f  =  b/a  . 


.SPHEROID  a. 


1  radian  -  206264.8062  seconds 


02 _ 

tan  0 j  JL-24C, 
tan  02 
g2 

0,  -4-£ _ £ 

®m  -Wl 


1.  always  west  of  2. 
tan  6  =  (1  -  f)  tan  0 

tan  d2 . *0T0& 

tan  Q\  A..73&./. 
>  sin 


«  Wa  - 0 , sin 
H  =  cos3A0m  -  sinJ0m  =  cos50m  -  sin3  Aflm  -  L 

L  =  sinJA0m  +  H  sinJAXm  cos  d 

U  =  2  sin:flm  cos2A6m/(l  -  L)  96 9lS~  d  . 

V  =  2  sin2A0m  cos3flm/L»  d  .9* too 2 

x*u  +  v  /  7LfLl£Z31JL  t  =  d/sind  LS/13S.9 
y  =  u - v  *0993 it  0997 &.  D  =  4iij9s2XZA£JA 
a  -  de  L££2£*£9*£5L  2 13—  c  =  T-a(A-E)Z^&i 


AX  *  X2  —  Xj  ■ 
AXm  s  ViAX  - 


tan  AX 


cos  A0„ 


n,  =  X  (  A  +  CX)  ZjJBUlSJaaynx  -  Y  (B  +  1 
6 , d  =  */4f  (TX  -  Y) £~00'V/9  QZl-lfjbL 

S. 

F  =  2Y  -  E  (4  -  X)  '-*0>S’$79'A9& /gfr 
G  =  VifT  +  (fJ/64)  M 

ax„  -  a  (AX  +  Q)  fV  2ZT 

v  =  arctan  lc2 1  0 »  «v' 

u  =  arctan  lei  I  . 

«i  =  v  -  u - jl# — eJT. — 


cos  d  =  1  -  2L 


d (rad)  / 
E  =  2cosd. 
B  =  2D  /A 


\l.Uo  «  /  jJyy  T  CHECK  C  -  tt  E  +  AD/B  =  T 

)/‘79/3Qii7D2  n,  =dxyA ££££££j 

_  62d  =(f3/64Xnt  -n2  +  n3)  ^tffQQQQC?  ft. 

m  s,  ga  sindtT-x.dtx.di  ytreq 77.; 

_  M  =  32T-(20T-A)X-£B  +  4)Yr 

_  Q  =  -  (FG  tan  AX)/4  _ 4  d 

tan  AXm  *92/£Z  9?/¥£L _ 

c2  =  cos  A6m /(sin  0m  tanAXm)  t  Is. Y3&9 

C|  *  -  sin  A6m/(cos  6m  tan  AX„ )  jL-i.t9.9Q 

a2=v  +  u  _jz$. — cS — srf*  997 


<*2  ■ 
180 -a2. 
180-a,. 


360 -o2  , 
360  -«| 
180+  a, 
180 +  a2 
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CONTROL  COMPUTATIONS  FOR  THE  HEMISPHEROIDAL  GEODESIC  CONTAINING 

AN  ACIC  GIVEN  ARC 

These  are  the  control  computations  for  the  geodesic  as  presented  in  Figure  26.  To  completely 
determine  the  configuration  we  need  compute  only  the  constants  A,  B,  C,  D,  E,  F  from  equations 
(49);  AX, ,  S,  from  equations  (48);  AX,,  S2  and  AX,,  S3  from  equations  (47);  and  AXo,  So  from 
equations  (54).  (The  equations  cited  are  from  Appendix  1).  These  will  provide  the  check  equations: 

S«  =Sj  -S,  <l/2)So  -S,  -S,t  AX<  *  AX,  -  AX,  »0/2)AXo  -  AX,  -  AX,. 

Now  f = .003390075283,  sin  0O  -  .9701337 1 ,  cos  0  =  .24257076,  c,  =  f  cos  0O  *.000822333 1378, 

c,  =(l/4)fsinJ  0O  - .0007976503177, c,  •  1+c,  cos0o  =  1 .0001 99474,  c4  *c,  +c, 

*  1.000997124, 

A  =  c,(l  -CjCo)*  .00082167655, B  *(1/2)ciCjC3  * .3280325 X  HT«,C-0/4)c,c5 

*  .1308  X  10*. 

D=  2  +  c,(cl  +  cj)  -(1  +  c,)c4  -  c,  « .9982060223,  E »0/2>c, [2  +  c,(c,  - 1) -cf] 

■  .0007977296351, 

F  =0/4)c|(2c4  - 1)  =  .1593787  X  10r*. 

From  equations  (150)  (Appendix  1)  we  have: 

6,  =  69°  56'  14*590, 0,  *  17°  OS'  211296, 0O  »  75°  57'  42*053 

sin  0,  =  .93931830  sin  0,  -  .29386097  siu  0O  -  .97013371 

cos  0,  =  .34304686  cos  0,  «  .95584817  cos  0O  -  .24257076 

tan  0,  =  2.73816326  tan  0,  -  .30743478  tan  0O  -  3.99938439 

sin  0, /sin  0O  =  .96823591  dndj/sind,,  =  .30290770 

tan  0,  /tan  0O  =  .68464618  tan  0,/tan  0O  ■  .07687053 

From  these  last  four  numbers: 

o,  «  arc  cos  .96823591  ■  14*  28'  47?231  -  .2427199475  radians 
q,  »  arc  cos  .68464618  -  46°  47’  31*966  -  .8166781775  radians 
0,  -  arc  sin  .96823591  ■  75°  31'  12*769-  1.3180763796  radians 

7,  •  arc  sin  .68464618  -  43°  12'  281034  -  .7541 181497  radians 
0,  -  arc  sin  .30290770  ■  17°  37'  561390  -  .3077422231  radians 
7,  -  arc  sin  .07687053  »  4°  24'  31 1342  -  .0769464374  radians 

sin  2o,  -  .48419238  sin  20,  -  .48419238  sin  20s  ■  .57735414 

sin  4n,  -  .84729944  sin  40,  -:84729944  sin  40,  -  .9428 1 220 

We  can  now  make  the  computations,  with  a  ■  6378206.4  meters  and  ir  -  3.1415926536: 

it,  .8166781775  Do,  .2522665735 

-Ac,  - ,0002076541  +  E sin 2c,  ♦.0003862546 

.8164705234  .2326528281 

t  Bain  2c,  +  1588  -F  sin  4c,  1350 

.8164706822  S,/a  .2526326931 

-  C  sin  4c,  -  1 
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AX i  (rad)  .8164706821 
AX,  46°  46*  49ll67 

7,  .7541181497 
-  A0,  -  .0010830332 
.7530351165 
-B  tin  2ft-  1588 

.7530349577 
-C  iiu  40,  +  < 

~"AxT(radj  .7530349578 
AX,  43°  08'  44*610 

7,  .0769464374 
-Afo  -  .0002528648 
.0766935726 
— B  tin  20,  —  1894 

AX, (rad)  .0766933832 
AX,  4°  23'  39"  146 


S,  161 1471.024  meters 

D0,  1.3157117800 
-Esin  20,-  .0003862546 
1.3153255254 
-F  sin  402+  1350 

Sjl  1.3153256604 


S2  8389418.545  meters 

Dp,  .3071901404 

-  E  sin  20,  -  .0004605725 

.3067295679 

-  F  sin  40,  -  1503 

S,/a  .3067294176 
S,  1956383.534  meters 


AX4  -  AX,  -  AX,  -fl/^AXo  -  AX,  -  AX,  -38°  45' 05:464 

S4  -  S,  -  S,  -0/2)So  -  S,  -  S,  -  6433035,010  meters 

1  -  A  « .9991783229,  AXo  -  ir(l  -  A)  -  3.13901 12787  (rad)  «  179°  51'  071553 


AXo/2  -  89°  55'  331777,  S0  -  airD-  20001779.136  m,  S0/2  -  10000889.568  m 


As  an  overall  check,  we  compute  from  formulae  (48),  Appendix  1 ,  the  values  AX  -  AX,  +  AX4 , 
S"S,  +S4.  We  have 

o,  -  arc  cos  .30290770  -  72°  22'  031610  -  1.2630541041  radians 
ij,  -  arc  cos  ,07687053  -  85°  35'  281658  -  1 .4938498897  radians 
sin  2 o,  -  .57735414,  sin  4o,  -  -.94281220 


i),  1.4938498897 
—  Ao,  —  .0010378227 
1.4928120670 
+  B  sin  2o,  +  1894 

1.4928122564 

-C  dn4o,  ♦ _ 1_ 

AX(rad)  1.4928122565 
AX*  AX,  4  AX4  85*  31' 541631 


Do,  1.2607882132 
»Esjn2o,»  .0004605725 
1.2612487857 
-Fsta4o,  ♦  1503 


S/a  1.2612489360 
S  -  S,  +  S4  8044506.036  me  tars 


AX,  4  AX4  ♦  AX,  ■  85*  31*  541631  ♦  4*  23'  391146  -  89*  55'  331777 
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S,  +  S4  +  S,  =  8044506.036  +  1956383.534  =  10000889.570  =(1/2)S0,  which  gives  a  flat  check  for 
longitude,  and  length  within  .002  meter. 


Computation  ofNxNx  from  Figure  26.  (Inverse  solution) 

Formulae  are  from  equations  (149),  Appendix  1.  We  have 

f  =  .003390075283,  a  =  6378206.4  meters,  AXo  =  179°  51'  07:554  =  3.1390112787  radians, 

jt  =  3.1415926536,  D  =  (1/0(1  +(l/4)f+  2(f/4)2)  =  295.22912379, 

u  =  (l/4)f-(f/4)2  =  .0008468005326,  v  =  D(1  -  AXo/ff)  =  .2425830253, 

cos  d0  =  v  -  uv3  =  .24257094, 60  =  75°  57'  42:015,  a, =  906  -  0O  =  14°  02'  17:985, 

aj.i  =  270°+ do  =  345°  57'  42:015,  A  =  1  +  cos2  60  «  1.0588406609, 

B  =  (1  +  3  cos2  d0Xl-cosJ  d0)  =  1.1072946516, 

C  =  (1  +  2  cos2  d0  +  5  cos4  doXl  “  cos2  d0)  =  1.0682087334, 

S0  =  arr[l  -  2(f/4)A  +  (f/4)2B  +  2(f/4)3C)  =  20001779.127  meters. 

Alternatively,  when  one  has  cos  d0 ,  S0  may  be  computed  from  equations  (54)  after  computing 
D  from  equations  (49),  Appendix  1.  Since  there  are  two  reverse  solutions  for  the  geodesic,  node  to  node, 
the  azimuths  of  the  second  solution  are  a\  ml  =  90°  +  d  0  =  1 65°  57'  42:01 5 ,  a'2.i  *  270°  -  d0 
=  194°  02'  17'.'985.  Now  from  (150),  Appendix  l,d0  =75°  57'  42:053;  from  (152),  (154)  respectively 
S0  =  20001779.136  meters,  atj=  14°  02'  17:947.  Hence  the  computed  values  by  use  of  equations  (149), 
Appendix  1,  are  within  the  criteria  adopted  initially. 


i 

i 

t 


|  . 
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DIRECT  AND  INVERSE  LINE  COMPUTATIONS  OVER  A  HEMISPHEROIDAL 
GEODESIC  CONTAINING  AN  AOC  6000  MILE  ARC 
(Clarke  1866elHpioid-See  Appendix  1,  Figure  26) 
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INVERSE  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  0, ,  X, ;  fc,  X,  to  find  S.  a,  a,.,. 
Azimuths  clockwise  from  north;  east  longitudes  positive;  no  tables  except  8-place  natural  trigonometric  (Peters);  no 
root  extraction. 

_ /$LL-  SPHEROID  a m  b _ m 

i  - f « b/a  9? X  V7V  w  o £— 

f*/64  — _  1  radian  =  206264.8062  seconds 


9 

XA'W/ 

i.  irMTgXt  x, 

/ 

// 

0j 

_ £ _ 2 _ 

2 - ? — AyvgA  _  x, 

tan  4i _  1  •  always  west  of  2.  AA  =  A,  -  A,  ZLJOUIZ 

tan  tan  6  =  (I  -  f)  tan  $  AAm  = '/4AA  JL  3  13  lYxlf 

Oii-lf. _ rit  /r.i'fff  tan 9;  -l.l&lkUL  _  sinAXm  .  Jf£9  fOj  / 

0,;ZC _ £3L.-rZO£3  tang,  -  J.  fffjffj?  tan  AX  /.PL? /S?  1? _ 

»m  «  W.  ♦*s)-7>  JSLQltl*!  cos9m  _ 

Mw-tt(9,-g,)f3  40  Y3J*J  t  -aSlS-Mlkt.  cosMm.,  Aff/^  /JW _ 

H » cos1  A0m  - sin>0m  *  cos,9m  - sin* A9W X&32dii3lf  I  -  L - 192.93 _ 

L ■  unlA0m  ♦  H  sinJ AXm  .fUStlS!  Skg _  cos d  ■  I  -  2L  ±^fii >  Yftf _ 

U  -  2  s»nagm  cos  lt*mK I  -  L)  AtSlY  //f7 _ d  /V _ 1/  - 

V «  2  sin’Aga,  cosa9m/L.^^y?AijL?  sin  d  _a  Aftt+tl/-  ■  d  (rad)  0£ZtA.tUl7- 

x^u  +  v  Ait  A.  3  /ffg—  T  ■  d/sin  d  E*  2  cos  d  ..A  £H2*L1L. , 

Y-U-V A*h±££&tSL-  D»4T i9>0U7>Qi!>  B-2D  9LO*  IX# 

A  «  PE  _ C  ■  T  -  V4  (A  -  t)-Af77frjj3l  CHECK  C-*E*AD/B*T 

n,  ■  X  (  A  ♦  CX)LM#&7L  n,  ■  Y (B ♦  EY)3/.j^Yi7  It}  n,  ■  DXY l9JUl£2£A/£L 

6,d  ■  Kf  (TX  -  Y)  ff k M  r  / -  M“(f'/64Xn,  -n,  *n,)  +1*V.X/Q'A _ 

S,  *asind(T-5,d)  (jUiA&iiH£  S,  »  a  »n  d  (T  -&,d  *  M  ^ikUXUJML  m  "> 


F  -  2Y  -  E (4  -  X)  •M££.J.k  t?£ _ 

G  •  >tfT  ♦  (f*/64)  M  MiTUjiJSLtJL _ 

AA^»Vi(AA*Q)  _ii_  al  xtJty 
v  •  arctan  lc,  I  £7  xj  c%n$ 
u  *  arctan  lc,  I  —  UL  If  Xja/fl 
«i  **-«  $t£ - 02 - moMtL 

is _ is  „  >  * 

*  «« _ 

♦  ♦  o, _ 

-  -  180  -  a, _ tff  W  tr-OOf 

♦  -  180 -o, _ 


M  32T  -  (20  T  -  A)  X  -  ^B  ♦  4)  Yr/ft  .  tHSfOL73 

0  •  -  (FG  tan  AA)/4  jtf _ XSL  tS$. 

tan  AX;_,^.H.^...r.7.g7 _ 

c,  •  cos  Ad„/(un#„  tan  AX„ )  *3.  t&2UlTA 


c,  *  -  sin  A#w/(cot  0*  tan  AA^,)  ” — »  i/f  ?" 
e,  •  v  ♦  ti 


360 -n, 


»  # 


360  -«, _ 

180  ♦  #,  -Ilf _ _ OOdtLk 

180*  ft,  _ 
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DIRECT  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  <p, .  X, ,  a,  ,2 .  S  to  find  0j ,  X, ,  a, .  East 
longitudes  positive;  a/imuths  clockwise  from  north;  no  root  extraction;  only  8-place  trigonometric  natural  tables 
(as  Peters)  required  for  desk  work. 


_ SPHEROID  a 


1  radian  =  206264.8062  seconds 


7  tan  0,  =  (I  -  Q  tan  p| 


60  XL4Y/  tan  6,  -  T,  O'* Z-JMLf  tan  0,  =  ( I  -  0  tan  ' 

»  6  sin  S,  HU  cos  0,  .lyAS  JATA  6,  -  Y1PS3 

1 _ M  =  cos fi0  =  cos0,  sine,.,  ^50T 0a±JSLlJLY2JtS.3 


sin  a,  ,2  ' _ 

cos  a,., _ CL _ 

c,  *  iM til /i 

c^%(i-u1)(.6aaJX7A 

cosoj  »  sin  9 ,  /sin  **  / 

sin  d _ CL _ 

cos  d  **  / _ 

V  »  cos  u  cos  d  -  sin  u  sin  d _ 2 

X  »  cl  sm  d  cos  d  (2V1  -  I) _ 

sin  Ac _ Q _ 

cos  £o  -  / _ 


N  =  cos0,  cos  a,.} 


D-(l  -CjXI  -Cj  - C|M). 


P-Cj(l  +V4c,M)/D 

i  tt 

9*0 


_ (radl  d 

u  =  2(o,  -d) . 
W  *  I  -  2Pcos  u  . 


s  20  OO  / 


Y  -  2PVW  sin  d 


Ac«d*  X~Y 


IJMXllJkJLUL _ ( 


cos  da. 


tan  Oj ■  M/(N  cos  do  -  sm  9 ,  sin  da)  jjt 

,  A  -  (sin  #,  cos  do  *  N  sin  Ac)  sin  «*>., 

*  " 


-  oo 


_ do^OLCA _ 

lo  »  2o,  -  do  „  _<? 

-  ■  1 * 

2&*Z.  -  /  . 


tan  An 


sat  Ac  smo, . 


cos  8,  cos  da  -  sm  9,  sin  do  cos  o, 
H  ■  c,(l  -c»)  Ao  -c,c,  sm  Ao  cot  Lo_i 


CHECK 


- An  Jlf _ Cf _ tfLd&tff. 

Jr  ad)  H  „  _ t— 

d>  ■  An  -  H  J7i _ CjL..  aJJUti 


M  *  cos#*  "  cosd,  sino,.j  *  cot*i  sin(180  +  oj., )  ■  X,  ♦  AX  . 


/ 


I 


INVERSE  POSiTION  COMPUTATION  FORM  FOR  LONG  UNES.  Given  A,;  <fc,  X,  to  find  S,  a,.,,  a-., 
Azimuths  clockwise  from  north;  east  longitudes  positive;  no  tables  except  8-place  natural  trigonometric  (Peters);  no 
root  extraction. 


1  -  f^b/a. 


.SPHEROID  a 


I  radian  =  206264.8062  seconds 


tan  <pt _ 1 .  always  west  of  2.  AX  =  X3  -  X, 

tan  <p2  - _ _ _  ta;i  8  =  ( !  -  0  tan  0  AXm  =  !4AX  V*/ — f  7 — Vi 

6 2  O _ _ _ tandj _ sin  AXm  t 

e ,  -/f  r7  92#  tan  $i _  tan  AX  77^7/r^i 

em  =  W^e1)Siy  s  f  Sj'J*2  sinem  -  j£SJL°7  f2. .  cos em  _±^llt>JL£ 

Adm  =  W(02  -  8 ,  W7  S?  e/.02'1  Sin  A 8m  2 _  cos  A Bm  *  .  7  /iZ 

H  =  cosJA0m  -  sinJ3m  =  cos20m  -  sin3  ^nm-2YiS  JSJL  1  - 1 - .S&Qf-f  _ 

L  =  sinJA0m  +  H  sinJ  AXm  «. Y  9*7  &  ^ _  cos  d  =  1  -  2L  —  1 Q- - 

U  =  2  sin2flm  cosaAflm/(l  -  L)  -WQtlr*/  t.  l'k _ d  .<fg - CZ - sJLjtl.9.  - 

V  =  2  sinJA0m  cos29m/L sin  d  M.9.99ZS9Z  9, -  d  (rad)  7.  Q  V/ $ 

X  =  U  +  V  /.  tfW/f  99 _  T  =  d/sin  d  /.S70VtUQ9  E*2cosd.  .OdCPfm  2d 

Y»U-V  -.0G& ZtlWL  D » 4T;  7/2  fZ _  B  =  2D  V% 

A  =  DE  jM&ny  gf3*/ _  -Vi{h-V)l££&Z2XZ2  CHECK  C-!*E  +  AD/B  =  T 

n,  =  X  (  A  +  CX)  fZLL  XUSLk  n2  =  Y  (B  +  EY)  -.0// n3  =  DXY  -*  £>/&  9Y¥i 

8 , d  =  Kf (TX  -  Y) -gflJUu jBZJZH. _  6ad  =  ((,/64Xn,  -n2  +  n3)  .  9997  1/6 

S,  =asind(T-6,d)^Ti7Zi>gJ>/J  .090  m  S,  =  a  sin  d  IT -fi.d  +  8,A\/0  0?O  *9lA 
F  =  2Y  -  E  (4  -  X)  -  '2C?2>S'097t3  ?  S’ _  M  =  32T  -(20T  -  A)  X  -£B  +  4)Y  ~ZZSZ/$ 


AXm  =  !4AX 


tan  AX  _ 
cos  em  _ 
cos  A0m . 

OA*L 


f.  7 9t> 


G  *  VifT  +  (fJ /64)  M  <0 6>&  6i£  &ZZJLZ&. _  Q  =  -  (FG  tan  AX)/4  . 


v  =  arctan  ic2 1  _jci _ pJ  aZ<&l 

u  =  arctan  lc( !  .  J&L _ £f. _ SLhjuS- 

t»i  =  v  -  u  _ q&_ _ /  7-  999 


Cj  -  cos  A0m/(sin  8m  tan  AX^,)  /•  P009.1  Z/Y 

Ci  =  -  sin  A0m/(cos0m  tan  AX,n)rr — s.7/^7  97XJP 

t*3  =  v  +  u  -el _ sis. _ srs-ftC, 


180 -a, 
180-a, 


360 -Oj _ 

360 -a, _ 

(80  +  a,  .1* 
1 80  +  a 2 _ 


DIRECT  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  *, .  A, . a, . S  to  find  pj.X,, a, .  East 
longitudes  positive;  azimuths  clockwise  from  north;  no  root  extraction;  only  8-place  trigonometric  natural  tables 
(as  Peters)  required  for  desk  work.  ' 

cU&El  TsalL  _  SPHEROID  '.m  t _ 

1  -  f  -lif  UO  f£3%Uk—  I  radian  •  206264.806!  secondi 


sin  Oj  . 
cos  a,  .1 


_ to  A/0DM  l _ rSM 

.  tan^i _  land,  *(l -Otanp,  _ 

_sm  e,  cos  d,  MJeiAfC  $t  rC  /£s$0 

&23L _  _  M  c  cos  d0  =  cos  9,  sin  «<i  ,2  .2<n.r  }/>iL  w  el 

N  =  cosfl,  cos  ft!  J  *%</>£" }p7im  sinfto  -&!■%-/- 

*3jA?2- _  D  » ( I  -  c2X »  -  C:  -  c,  M)_J?f  t  >  06  02£jL 


ci  ~  fM  /  fjn _ 

cj  =  >4(1  -M2)f  jaaa&zssj&X? / 
cosoj  =sindi/sind0  -Oi  j 

d=S/  «D  A  liZUl  iS’Lf  'k _ (rad)  d  . 

sin  d  ^9AJLL2311 ' _  u  =  2(o t  -  d)  d 


P=c2  (I +>4c,M)/D  ,j 

*  t  »  .  ^ 


V  =  cos  u  cos  d  -  sin  u  sin  d.s«J 
X  =  cj  sind  cos  d(2V*  -1)^ 


W=  i  -2Pcosu. 


cos  Ao_ 


Y  »  2PVW  sin  d 
Ao  =  d  +  X-Y 


cos So  "*.  7*S~00  So  =  2<j)  - Ao  <* ^ f 

tan  aj.i  *  M/(N  cos  Ao  -  sin  6 ,  sin  Ao)  -£»_2£j2£2  >ut±S—  /tv  S7.+V 

tan P,  =-(-si-n-ei -cos-Al+-N sin Mi !™i=?  ■  sina, .  -.rr%r  7*11 

(1-0M 


tan  A?j : 


sin  Ao  sin  t>i .% 


1  cosdj  cosAo-sind)  sin  Ao  erw  ot]  ,2 
H  -  Ci  (1  -Cj)  Ao  -CiCj  sin  Ao  cos  Sa.6€?/i 


CHECK 

M  =  cosd0  ^cosdi  sinOi.2  =  cos02  sin(l80  +  a2_i) 


suioj.i _ ” 

<h  _ i 


I(rad)  H  - 

AX  =  Ai?  -  H  -MS- 
X,  -  /cV 

• 

Xj=x,  +  t&JUL 


INVERSE  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  to.  Xt;  to.  X,  to  find  S,  a,.3<  Oj.,. 
Azimuths  clockwise  from  north;  east  longitudes  positive;  no  tables  except  8-place  natural  trigonometric  (Peters);  no 
root  exiracticn. 


i  ®cos0|  sinct!.}  «cos0j  5in(l80  +  Oj.,) 


INVERSE  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  0U  X,  to  find  S, 

Azimuths  clockwise  from  north;  east  longitudes  positive;  no  tables  except  8-place  natural  trigonometric  (Peters);  no 
root  extraction. 


677)  £  /fi  &  SPHFRniD  %H7t20C77  m 

h  m 

1  -  f  =  b/a  440100$ 

ar  ,OQ/i9S‘027iin  . 

1  radian  = 

vj^aaattjs/itizosr _ 

206264.8062  seconds 

O  /  *•/ 

1. 

O  /  // 

X. 

02  2.. 

>*  W, 

tan  0i _  1 .  always  west  of  2. 

tan  02 _ _ _  tan  6  *  ( 1  -  f)  tan  0 

Oj-A _ air  */.  ii£  tan^ _ 

B |  O _  tan  0, _ 

Ora  -  W.  +  Oi)  r  JV  sin em  ...ytfrs’.mSL 

A0m  -6>)t  yoJJ?  sin  Aft,  7 


ax  -  x2  -  x, 


AXm  =  !4AX 


sin  AXm 
tan  AX 
cos  0m 
cos  A0„ 


H  =  cos2  A0m  -  sin20m  *  cos20m  -  sin2  A$m  /KttpJiTix  -  L  .9 7 6iT /  9%3J<? 


*62 1 3  273$- 
,67 it  WJQ- 
.  9229 
*9rt9- 


cos  d  =  1  -  2L  ^?Jt2P^2t  ¥£> 


r i  ff  **.7vr 


L  =  sin2A0m  +  H  sin2  AXm 

U  =  2  sin20m  cos2Aflm/(l  -  L) .OVlfr/f. 3jd  f  -  d 

V 3  2  sin2  A0m  cos 20ml\S,t 2t2l%&ff/i\n  d  ,207 1  ffiQ d  (rad)  r 267 it O  923. — 

X  »  U  +  V  A  2t3Q  T  3  d/sin  d  7,0/090 J 9/0  E  »  2  cos  d 

v»u- v^,7fYi/VJ6i-  d 3 4T2 y./Zti  y.ff  £4L  b  =  2D  r.2s-7*9f?0r 
A  *  OF.  C«T-tt(A-E  )-/t$CS7i92$  CHECK  C  -  K  E  +  AD/B  =  T 

H|»X(AK  X)7,M37ritt£  n2  «Y(B+EY  )^8U2$PtHl  n3  »  DXY  -/Jr  ?S  V/6t/(j0 
6td  *  V4f  (TX  -  Y)  ,90  2/47  3  3  97 


S,  -asind(T-6,d)^X£ft 


162 


JLLL 


m 


F  ■  2V  -  E  (4  -  X)  ~2*AX4i£L3.tlX- 


T2- 

6jd  ■(f2/64Kni  -n2  +  n2)  <*  •*/&.  ■?  ^ - 

S2  3  a  sin  d  (T  -6td  ♦  62d)  /f,f £  ifj,f  f  jU 
M  -  32T  -(20T  -  A)  X  -£B  ♦  4)  Y  j/J2C  9C7/3 


m 


«a 

180 -a, 
180-a, 


360 -a, 
180  +  a, 
180  ♦  a, 
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•  /  A  - 

AX,;  «  W tAX  +  Ol  *  /> 

tanAX;  .0309  91%/ 

$ 

Cj  ■  cos  A0m  ((sin  0m  tan  AXj, )  ^  /  7  3*  •  ^  / 

u  *  arctan  lc,  1  — /f - 

C|  ■  -sin  A0m/(cos 0m  tan  AX^, )  -  A.  9023/7t 

a,*v-u  /V  /y.967 

a,»v  +  u  /4f  /7 

C|  Cj  0|-t  *  ,  // 

-  ♦  q,  /V  6*  12.&I 

Ot2,l 

*360-0,  _ a/fr  02,110 

t 


DIREi  T  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  ,  X, ,  a, ,  S  to  find  4>i .  h ,  East 
longitudes  positive;  azimuths  clockwise  from  north;  no  root  extraction;  only  8-place  trigonometric  nature!  tables 
(as  Pfcters)  required  for  desk  work. 


1  radian  =  206264.8062  seconds 


INVERSE  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  0 ,,  X,;  0,,  X2  10  find  S.  .a,.,. 
Azimuths  clockwise  from  north;  east  longitudes  positive;  no  tables  except  8-place  natural  trigonometric  (Peters);  no 
root  extraction. 


4/ /!/!££  /tkk  SPHEROID  a  Li7(44L.Y  m 

h  m 

t_f  =  h/a  .44 it £>49 11/7+ 

Vif  na  /dlsraX'fffl' 

v.f . 0t>o  wnr/*t%oT 

fa/64  ^74ir?Xe>Y  XM>-i  - 

1  radian  z  206264.8062  seconds 

o  /  // 

01  1- 

_ s _ 

O  /  // 

X, 

02  2._ 

tan  0i 
tan  0] 


P 

-42- 


I.  always  west  of  2. 
tan  d  ~  (I  -  0  tan  0 

tan  6  2 _ 

tan  6 1 _ 


AX  =  Xj  -X,  4Z- iV  2U2J% 

A Xm  =  'MX  JL2 _ #4  JjJtlt 

sin  AXm .  .  VD20  _kjTk _ 

tan  AX 

cos  0m  .rtSTXVIO _ 


K  ■  *<*,  ♦  <M-ai ira/kV7  sin em  -  .  jjjU 

Mm  *  Wt  -0.)  U  jg  g&atf  sin  A0m  Ajjk _ cos  ASm  ... /A  f>  ./^ir _ 

H  ■  cos1  A0m  -  sinJ0m  *  cos20m  -  sin1  A0m  i  l _ _ 

L  *  sin1  A0m  +  H  sin1  AXm  i 

u «  2  sinX  cos1Afltn/(l  - L)  AYSIHSj2MJL _ d  -Jj. - At _ P3  -  USZ^ 

V  -  2  sin1  Aflm  cos1gm/L/>ty/f^2ysin  d  A  t*S  AM**  d(rad)  1±4l  urttm./ 
X.U  +  V/.I5fl&/tf<?7  9  T  »  d/sin  d  AU7MJ29  E  *  2  cosd_=U  /etXYzeA. 

Y«U-V-/.flg//f/72&  D /f-4 _  B *  2D  A/.  >0/13/?^^ 

A  »  PE  r/./fggff/^7  C«T-V4(A-E)JL7j!3lte54t2jtHECK  C-ViE  +  AD/B  =  T 
n, « x  (  a  » cx>r:yy2/fr/77  n,  -  y  <b  ♦  ev)  -?  / 17<  (H&Cn,  -  dxy  -/fittcueitY 

8,d-l4f(TX-Y  )*£Q  JYYftk  ? _  61d-((1/b4Kn,  -n,  +  n>)  t  » 

St  »  a  sin  d(T -8|d)^ft  m  S)  "  a  sin  d  (T -8|d  t  S,d)  mXSJBUJ&JL 

F  "  2Y  -  E  (4  -  X)  ZjULJQt tuLLlk _ 

axw  -  h  (ax + 0)  _ tr  kftitt 

v  *  arctan  kj  I  IY  r/  AillkL 
u  ■  arctan  lc(  I  kO  ai  sun 

«i  "v-u _ HL _ l tk. — iJLtt J 

C| _ Cj  tti.i  ,  „ 


in 


<*2 


180 -a,  Vi* 

180 -a, _ 


SO  ss.00/ 


M  »  32T  -  ( 20  T  -  A)  X  -  ^B  ♦  4)  Y  ±/2J>A2jft3X 

Q  •  -  (FG  tan  AX)/4 _ _ If  All 

tan  AX;  _ 

c,  -  cos  Mm  /(sin  tm  tan  AX^, )  _n  S.£fIY?l£ 

C|  »-nn  A8m/(cos0m  tan  AXJ,)  —  I  t  lYMT 3YPJ 

«a-v*u  Jjk. _ rk  jrk&£ 

3*0 -a, _ 

360 -a, _ 

180  ♦  a,  ItY _ At.  filTU 

180  ♦  a, _ _ 


148 


ft 


DIRECT  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  0, ,  X, ,  a,  .2 ,  S  to  find  02 ,  X2 ,  er2 .  East 
longitudes  positive;  azimuths  clockwise  from  north;  no  root  extraction;  only  8-place  trigonometric  natural  tables 
(as  Peters)  required  for  desk  work. 


_  SPHEROID  a 
i-i 


m 


I  radian  =  206264.8062  seconds 


LINE. 


to  T#/-r/AL- 


CAI1 


0i. 


tan  0i 


tan  0,  =(l-f)  tan  0t 


“11  'V  03.713  sin  0,  J ISUZ44SZ  cos  0 ,  0, 

sin a, ,2  ?CVV _  M  =  cos 0O  =  cos 0 ,  sin a( .2  aYis  zezi t  0„ _ 

cos  a,  ,2  ■  _ N  =  cos  0 1  cos  a,  _2  AlVSCltl .  sin  60 

C,  =  fM  +aaafl>Jil/£7i' _  n.tl-e^l.e,  -r.Mt 

c2  =  K(i  -m1)lC&6797£S‘0277  /  p=c2  (i  +  wc,M)/d  .00a'?9$Jkl£‘Af  l 

cos  0,  =  sin  0,/sin  0O  tl&ij. 427P-  “i 

d*S/aD  rad)  d  7/7?^  S  ^  VJ3aJS~-  OJ0  ffi 

Sind  u  =  2(0,  - d)  J/  f  7.  eiJiOim  u  _ 

cosd  _  .  W  *  I  -  2P  cos  u  .*  cosu.^7r^  ./tfJu _ 

V  =  cos  u  cos  d  -  sin  u  sin  d  9/ iAl, Y  *  2PVW  sin  d  £^7^.4? _ _ _ 

X  »  c2  sin  d  cos  d  (2Va  -  I ) 402.  "*  — Ao*d  +  X-Y  /%Q/G  $  ?  V/  ff  j? — (rad) 

cos  Ao  ^£1/F  771*L _ 

So  *  2o,  -  Ao 

tan  a,  .  *  M/fN  cos  An  -  sin  0 .  sin  An)  /.  006000  MS'  a,., 


y*NaJty?0Qlr>^ 

cos  So _ *  ££±2Jt YTJt- 


n 


JULCr 


/  v 


t«l02 


tan  Aq 


i  ~  (**n  £j  cos  Ao  +  N  sin  Ao)  sin 
<1  -  OM 

_ sin  Ao  sin  a. 


^  *} mV?** 


*JtSti33Sti£. 


01 


Aq 


cos0|  cosAo-nn0,  sinAocosa,., 

H  •  c,(l  -c2)  Ao -c,c2  sin  Ao  cos  /J  709  (rad)  H 


_ _  .Jk. 

ax  -  An  -  h  if  _  > 

X|  -X* _ X£~j&££jL 


CHECK 

M  ■  cos 0O  ■  cosd,  sin«,.j  ■  Cos02  sin  ( 180  ♦  a,., ) 


/e 


rf  rf-y/v 
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INVERSE  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  *i.  At;  fc,  X,  to  find  S,  a,.,.  a,.,. 


Azimuths  clockwise  from  north;  east  longitudes  positive;  no  tables  except  8-place  natural  trigonometric  (Peters);  no 
root  extraction. 

UAM*  /tU 

SPHEROID  a  &3M70C-V  m  b  m 

1  -  f  *  h/a 

wr  /X)/L*ra37i4/kvs  .000*4/77 

f5 /64  1 

^  1  radian  =  206264  8062  seconds 

o  /  <* 

0i 

^  O  /  // 

\.  P%  x> 

di 

,  IM/T/AL  (\£)  . 

tan  $| _ 

tan  fa _ 

9,-ik- 

6,  U3- 

em  •  ♦  8,)  *3  so  SpfostM  *in 


/ 


J4LS91? 

ojl  A/  i.tt 


1.  always  west  of  2. 
tan  0  =  (1  -0  tan  0 

tan  6] _ 

tan  fl|  _ 


ax  =  x,  -  x,  M-JtZ. ££Jti]L 

sin  AXm  .t$t7  MO*/ _ 

tan  AX _ »  747^2lYl _ 

cos  dm .  J3£jC3z21£L3£L _ 

cos  A 6m  -iffriYfO _ 


Afl~  -  W,  -tf.)  IX  tin  A Bm  .4Vf^  //*/ 

H  *  cos1  Adm  -  sin}0m  *  cosJflm  - sin1A^m SnftlQ'iCL  1  - L - .  7kSS  '1<f/P9 

L*  unJAflm  +  H  sin*AXm  ±2.3 / -  cos  d  =  I  -  2L  .  1C. 

U  =  2  sinatfw  cosaA0m/(l  -  L)  JU2&2*S±—  d  -X2 _ ^ 


d  (rad)  AO/&/  £2£JL2L 
8»2D  /JL,3?(?91>7C¥- 


V »  2  tin*  Ad  m  cos’dm/Lft  itmust  undft  er*9*a&£. 

x«u>v  AiS273k/Yi-  t  « d/sin  d  L  11*732 &  7.7 
v-ti-v  - /jfafX 9Y /  p-AVflif0¥9Mt >. 
a » de jJtSJJL > TrJSTQ- ,  c°t-H(a-E) -AJP/Yt&Tf  check  c-*e  +  ad/b*t 

n,  «  X  (  A  +  CX)4.aflyjyjfigag  n,  -  Y  (B  ♦  EV)  /JttY&StlZ  n,  «  DXY 

6,d  >  (f’/MXn,  -  n,  ♦  n,) 

s, » ,  an  d  <t  -  6 ,  d  ♦  6  id)  6XB£JiL2£i 


M-KffTX-Y).  *££UL/£JL3JL 

3029.2*7 

f  »■  2V  -  E  (4  -  x>  *1 . M3LSL2SL3JL 
c - arr t (f»/64) m  ±fOVQ37-tktiT 
AX*  ■  Vi  (AX  ♦  0)  _ jut  rtx&L 

v  «  arc  tan  Icj  I  _ iV  a/Ml 

u  •  arctan  lct  1  .~JLQ - *.(. — rf * 

«i " » -u  _ _ gjfti? V 

c  l _ c,  0| #  ,  *• 


m 


.  m 


M  ■  32T -(20  T  -  A)  X -£B  ♦  4)  Y  S^BAUtfJX 
Q  -  -  (FG  tan  AX)/4 _ k  T 7s  227 

tan  ax*  ,  irh/  r4  tr _ 

c,  ■  cos  Ad*/(wn 8m  tan  AX^ )  jeJL  *Jkfl£.2lQ 

C|  •  'Sin  Adm/(cot  8m  tan  AX* )  *z 

#  /  ** 

Oj  -  V  ♦  u  .,/ir - BL - — 2 - 


♦  a, 

♦  ♦  O, 

-  -  180 -o, 

♦  -  180  *ot 


/y  r>  Alf2%y 


•h 

W0 -a, 
360-a, 
180+  o, 
180  vo, 


Ilf 


* 


ISC 


f  I 


DIRECT  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  0, ,  X,  .a, S  to  find  0 X, , a,., .  East 
longitudes  positive;  azimuths  clockwise  from  north;  no  root  extraction,  only  8-place  trigonometric  natural  tables 
(as  Peters)  required  for  desk  work. 

/:/./>/?££  /n  6  _ SPHEROID  a  m  f _ 

1  radian  =  206264.8062  seconds 


LINE 


.2, 


.TO. 


/-W 


0i. 


tan  0| 


tan  0,  =  (I  -0  tan  0i 


*i-j 


.sin 


?,  am  //jg?  cos  a,  +,irja  *, 

sin  a, .]  .707/  OAtf _  _  M  =  cos  0O  *  cos  6 1  sin  a,  .j  >l*ag-7  62L  e0 _ 

cos  a,  ,  J 07 J  64  7 1 _ N>cos0,  cosa,  %  HSfikSL  7674*  sm  0o  4*4  70/  7 1 

c,  =  IM  *Q£iQtl1tHlti7f _  D*(l  -c,Xl  -e,  - c, Mt  .*9flC?6QlO 7 _ 

ci *  *0  -M2)f  J0O34 24S2327/  p«c,  o  ♦  hC|M)/d  . 0QO 799/LtiTtSl 

0  4  it 

COS  a,  °  sin  fl,  /sin  d0  -Jgjt  2*  JSTf  /  <»i  //  iULf 

d-S/aD  SUXiTiXiZlZ  — (rad)  d  jt£ _ ,  Q  _  S  A<P  MjLUL HL JL 


sin  d  0 
cos  d _ t.JL. 


u=  2(o,  -d). 
W>  I  -  2P  cos  u 


sin  u  . 
cos  u. 


V  =  cos  u  cos  d  -  sin  u  sin  d. 


X  «  cf  sin  d  cos  d  (2V1  -  I ) _ £ _ 

sm  Ao _ Q _ cos  Ao. 


Y  *  2PVW  sin  d  _J 
Ao*d*X-Y  *4L 


.(rad) 


-  / 


Ao  _/**?. 


cos  Eo_ 


to  =  2o,  -  Ao 


tan oj.,  ■  M/(N  cos Ao -sm®,  unAo)  »  / _ aj., 

un ^  .  :  <H?*  ■  ”»_*>  *  A^2XZY23tf  — , ,  -.7*7/04? T 

(  I  -  l)M  •  4 


stn  Aosma,., 


un  An  ■  —t—  .  .  , 

coso,  cosAo-sino,  tmAocaso,., 

H  *  c,(l  -Cj)  Ao  ~c,Cj  sm  Ao  cos  to  JB&SZ/I23UL  Jr*d)  M 

AA  »  An  -  H 


OIECK 

M  *  cosdo  *  cos® ,  »no,.i  >00111  «o(IM  ♦*!., ) 


IS) 


I 

i  t 


. 


4 


I 


DIRECT  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  0, ,  X, .  a, .  S  to  find  02 .  X2 .  a2 .  East 
longitudes  positive;  azimuths  clockwise  from  north;  no  root  extraction;  only  8-place  trigonometric  natural  tables 
(as  Peters)  required  for  desk  work. 


INVERSE  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  ,  X, ;  fc ,  X,  to  find  S,  a,  .2,  otj.,. 
Azimuths  clockwise  from  north;  east  longitudes  positive;  no  tables  except  8-place  natural  trigonometric  (Peters);  no 
root  extraction. 


! 


ci/uexe  /fM 

tPHFROin  iLiltiaL.V  m 

h  m 

1  -  f  =  h/a 

00/19*0  Ml** 

I4f  *0eat>r?7S’/pT  X  or 

f1  /64  ./?4S7%0VX/6' 

^  ...  .  1  radian  = 

206264.8062  seconds 

O  t  •' 

01 

l 

o  in 

X, 

0j 

2 _ T£££LUtd^ _ 

I.  always  west  of  2. 
tan  0  =  (I  -  0  tan  0 
tan  8 j _ 


AX  =  X,  -  X,  JJL  SY.il/ 
AXm  =  KAX  me  VS  S?f  S/j 


sin  AX_ 


9,  /X _ yl.afj  tanfl, _  tan  AX  /2. 7*7/2  7 

« W ,  ♦  *3 )  jZ  1447T  sin  o*  .... 22^£l£S1SL-  cosem  .ASJfcUl// _ 

Aflm  -  Ws -8t)^£j£_J0J2£  sin  Aflm  tlSL  _  cos  A0m  ,g? 09 0 13.V _ 

H  =  cos1  A0m  -  sin:0m  =  cos,dltl  -  sin1  A0m  jj/Kaen  i  -  l _ U£i£7j7ia _ 

L  3  sinJA0m  +  H  sin1  AX.m  ^1*  V' _  cos  d  3  I  -  2L  .  iaS/#7SA _ 

U  =  2sin10m  cos1  MJ(\-L)A22A4/1/AJ. _ d  —ZJb _ a  /- ..//JitSl- 

V  =  2  sm1  Aflm  coiMm/L.^ri(  ?**  sin  d  m ,9€ A&.  jf/4-3-  d  (rad)  TrfQ&Y/i 

x-utv  Ait  12 /f?* I-  T  =  d/sin  d  /*HS /S&-L&.-  E  -  2  cosd  _ 

Y  3  U  -  V  +  S*97/2jj/JL  D~4V7.axV/f*67  B  *  2D  /SrfffSPY#* 

A  *  DE  C  »  T  -  )*  (A  -  E)  CHECK  C-iiE*AD/B«T 

n,  *  X  (  A  ♦  CX)tJlltotXAgf  n,  -  Y  (B  ♦  EY)7aUMif7?5X  n,  -  DXY  ?*S3>67/ 
6,d-t4f(TX-Y)  JkUA  3  //fir _  0»d  ■(f1/b4Mnt  -  n2  ♦  n>)  *lGQl 

s, ■«iind(T-B,d)4flaaflaajtga; „  m  s,-.»nd(T-M+M)7gtrvflfTgrtl * 


F  ■  2Y  -  E  (4  -  X)_^_ 


c  *  tier  ♦  (r vm)  m  .ggai-yyyyy? 

a;  ■  t's  (ax  ♦  Q)  y/  nilig 

v  *  tret  in  kj  I  _ kZ  jjllAJ 

u  ■  wettn  k|  I  1 7 *££ — JGKl  iHt. 

«i  ”  v  -  u  — - idk - £UbJ2 L? 


M  ■  32T  -  ( 20  T  -  A)  X  -  ^B  ♦  4)  Y- ft TXtXjCtti 
0  •  -  (FG  tin  AX)/4 _ _ JL J#J0>27 


tan  AX« 


cj  *  cos  CSml(un  tm  tan  AX*)  ±Ul9i>Of/I 
C|  *  -  wn  Ad* /(cos  9*  tan  AX*,)  <Li  77/*/ Pt>Y> 
a,  -  v  ♦  u  _  /g  -jTf  jgfc  PPf 


DIRECT  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  0, ,  X,  ,o, . S  lo  find  0,.  X, .a,. , .  East 
longitudes  positive;  azimuths  clockwise  from  north;  no  root  extraction;  only  8-place  trigonometric  natural  tables 
(as  Peters)  required  for  desk  wot*. 

At  6  &  SPHEROID  a  m  f _ 

1  radian  =  206264.8062  seconds 


LINE _ TAA/7/AA- 


.TO. 


/IT) 


tan  0i 


tan  0,  =(  I  -  0  tan  0| 


«■-■>  yy~ 


.sin  a,  cos  0,  Jtiyjg  9A£4  e,  tf  &  mSfP 

M  =  cos  0O  =  cos  0 ,  sin  a, .  7YHZ2&2A-  0O  7S  S’ 7  y2.0S3 
N  =  co$0,  cosa,.i  jud _  _ sin  0O  .47&J  JJ  7/ 


sin&i.j 

coso,.,  ^AJj.  at?, 

c,  »  fM  11*3*1/!# _  D  =  (1  -  c, X 1  -  Cr  -  c,  Ml  _ 

c, «  K(l  -M*)f  AX)797iS'Gl%y/  P=  c2  (i  +  Wct  M)/D  .0&77J&L6 ?SAS/ 

cos  a,  =  sin  0!  /sin  0O  J£A£3USL9JL °i  /V  AJLYZ^lU 

d-S/aD  /JT/AL&YSL/^ rad)  d  S3  -9&A?  S  ±i£Sl2Zi££L  SL 

sin  d  ?S~ _  u  =  2(o ,  -  d)  -jyf'yPSZjH.  sin  u  ,_*»*. _ t  S7Srf  £2  f  £ _ 

cos  d  _*  osy / 979  3 _ w  =  i  -  2P  co* .«  /. ae/&Q£s&/  COS  U  PJ7Y7  *1? 

V  =  cos  u  cos  d  -  sin  u  sin  d  Y  =  2PVW  sin  d  jy&si _ 

X » c\  sin d cos d (2V:  -  7 _ Ao*d  +  X-Y  AS  7 f 7790 S Y&  ( rad , 

sin  _ coste^&SY?  9YS/ _ Ao  sc?  s-0, 

cos  Zg  ,  f 3/ S'  7.7  7  f  Zo  -  20|  -  A  o  -  97 S’  f  SL  • 

Oft/ 


tana,.,  =M/(N  cos Aa- sin 0,  sin i\a)  -m.2A3  2  £93?  a,., 

tan 0.,  =  :.(!Ln.g'-col^?  tN  sin  Aq) +  .3Q»</tCtO 
(1-OM 


f 

JJL 


a,.,  -‘**‘*7  rrys 

/7  Of 


tan  Aij  = 


sm  Aosina,., 


,  .  . ,  .  .  —-u^clziaiL  to 

cos  0,  cos  An  -  sin  6,  sin  Ao  cos  ai 
H  =  C|(1  -c,)A<»-C|C2  sir.AocosZo  i&2jl23t£l3£tZ3.  (rad)  H 


/2> 


.AZ5/ 


CHECK  9  ,  „ 

M  *  cos  0O  *  cos  0 ,  sin  a,  .2  =  cos02  sin  ( 1 80  +  a2 )  X,  =  X,  +  AX  y/y  /*  tldM 
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INVERSE  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  $>, ,  X, ;  fc ,  X2  to  find  S,  a, .  a2 . 
Azimuths  clockwise  from  north;  east  longitudes  positive;  no  tables  except  8-place  natural  trigonometric  (Peters);  no 
root  extraction. 


1  -  f  =  b/a . 
f !  / 64 


.SPHEROID  a IfTWAlK'*?  m  b _ 

_ tztgh  ys*4at>&£7& 

_  1  radian  =  206264.8062  seconds 


fj 

T  =  d/ sin  d 


E  =  2  cos  d 


A  =  DE  779 _  C  =  T  -  M  (A  -  CHECK  C  -  K  E  +  AD/B  =  T 

n,  =  X  (  A  +  C X)$U2£/£1312  n,  »  Y  (B  +  EY)//. n,  =DXY  IZJ&3JQ. 
h , d  =  W (TX  -  Y)  7392  /  _  6jd  =  (f,/64Xn, -n2+n3) 


Si  =  a  sin  d  (T  -5,d). 

F  =  2Y  -  E  (4  -  X)  jiy 

G  =  V4IT  +  (fJ/64)  M  j 

AX,;  =  >4  (AX  ♦  Q)  _& 

v  =  arctan  lc2 1  SL  ‘ 

u  =  arctan  lei  I  -M. 

0 

«»1  =  V-U  - /*/_ 

C| _ Cj  Q|  -2 

+  <*1  _ 

+  +  a2  _ 

-  —  180  -  ot2  — 

+  -  1 80  -  ai  _ 


)/f.rr/airsY,  n3 = dxy 
_  M  =  (fa/64Xn, -n2  +  n3)  J££A-M/&Z  f _ 

m  Sj=asind(T-M  +  M)3f4l2££LM^n> 

__  M  =  32T  -(20T-  A)  X-^B  +  4)  Y?2  f. 

_  Q  =  -  (FG  tan  AX)/4 _ Y _ /&  &2J* 

tan  AX„  %  «-  **Ayu349 _ 

c2  =  cos  A0m/(sin  0m  tan  AX^ )  -  ¥*  .  S7jf  ?L  f? 
c  i  =  -  sin  A0m/(cos0m  tan  AX„)  ±^27ca*7Y¥ 

Oj  a  V  +  u 4L£1 - GL - a _ 

Oj.i 

saem  »  •  * 

360 -a3 _ _ 

360 -a,  _ lZ _ £g-xXZ4 

180  +  a3 _ 

1 80  +  a3 _ 


I 


DIRECT  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  .  X, ,  a,  .  S  to  find  02 .  X, ,  a2 .  East 
longitudes  positive;  azimuths  clockwise  from  north;  no  root  extraction;  only  8-place  trigonometric  natural  tables 
(as  Peters)  required  for  desk  work. 

/?£&  SPHEROID  a  m  f _ 

i-f  „  I  radian  =  206264.8062  seconds 


LINE  A  l~ 


_ TO . 


/TV O 


tan  6,  =  (I  -  0  tan  0, 


sin otj ^2  \  j /. _ 2 

cosaj.a  SAll 

c,  =  iM 

cosaf  =sintf|/sinfl0- 
d=S/aD _ 


TtlTTAll-  cos  6 ,  tg£££r£/2_.e]  17  0S  Z/79L 

M  =  cos  60  =  cos  0  £  sin  at  _2  *747 JL  767.6.  e0  _  . . . 

N  =  cos0|  cosQ|.2  £73  sin  0o  ^-9701  771 1 

D  =  (i -c2)(i -c2 


P  =  c2  (1  +  '/.c,M)/D 


_ (rad)  d  _ 

_  u  =  2(0|  -d) _ 

_ W  =  1  -  2P  cos  u _ 


.r  r-re  e****#/**/**) 

f  /V06&  f  to  P%>  J 


sin  u _ 


V  =  cos  u  cos  d  -  sin  u  sin  d_ 
X  =  Cj  sin  d  cosd  (2VJ  -  I)- 


cos  Ao. 


tan  a2.|  *  M/(N  cos  A  a  -  sin  6 1  sin  Ac)  '^7 
.  -(sin  0,  cosAo  +  N  sin  Ao)  sin  a2.| 
""♦>* - (Tom - 


tan  At] ■ 


sin  Aosina,.2 


'  cos®|  cos  Ao- sin  0,  sin  Ao  cos  a(  ,2 
H  =  C[  ( I  -  c2 )  Ao  -  C|  c2  sin  Ao  cos  Eo  *QO&\ 


CHECK 

M  =  cos0o  =  cos0|  sin«|.2  =  cos02  sin(l80  +  a2.|) 


Y  =  2PVW  sin  d 
Ao  =  d  +  X  -  Y 


_ _ _ (rad) 

// 


>  /9?0 _ Ao _ 17 _ 77 _ CATS? 

Eo  =  2oi  -  Ao  7Z  ~jAl <T" _ 


sin  a2., 


4  7471 

t  ft 

O _ O 


L(rad)  H  _ L 

AX  =  A»j  -  H  S' _ AT-  17U4V 


h  a 


X 2  s  X  j  +  AX  ^ 


INVERSE  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  </>, ,  X, ;  0: ,  X2  to  find  S,  a, <*}.,. 
Azimuths  clockwise  from  north;  east  longitudes  positive;  no  tables  except  8-place  natural  trigonometric  (Peters);  no 
root  extraction. 


.  UA£££-  JfAL 

1  -  f=b/a. 

f 2  /  64 . 


.SPHEROID  a  63T??JL064^m  b- 

.%( . 00/4  9*0*7 tV*  y*(- 


.m 


I  radian  =  206264.8062  seconds 


V  /  a 

0,  1. 

TfAMMAL- _ 

O 

X, _ 

/  // 

Ai  2 

X} _ 

tan  0,  1 

always  west  of  2. 

AX  =  X, 

-X. 

tan  0- 

tan  0  =  ( 1  -  f)  tan  0 

AX  =  WAX  >  ✓/ 

'  *  O  /  .7 

0,  £? 

tan  0j 

sin  AXm 

.43*3  372  9 

0,  /?  oir  7^/794 

tan  0. 

tan  AX 

.071? 

0m  =  ‘i(0i  +  0j)  ^  yoi*/2 

Sin  0m  t  ./*/*? 

cos  0m 

.  f  o/i 

A0m  =  Vi(02  -fM-l*  ?V  */Q  L*rf 

sin  A0m ^ZH/S^-7-^-CJZ .... 

cos  A0m 

^9 fir?  _ 

H  =  cos2  A0m  -  sin20m  =  cos20m  -  sin2  A0m  -  L 

L  =  sin2A0m  +  H  sin2AXm  *  jamr&eTJ  _  _  cos  d  =  1  -  2L 
U  =  2  sin20m  cos2 A 0m/(  1  -  L)  2 /£ 3</L—  d  Z~ 


JZ 


V  =  2  sinJA0m  cos20m  sin  d  d(rad) 

T*d/stnd  A<?/jZ?nJUL  E  *  2  cos  d 

Y  =  u -\zAl$StW3a4  D  *  4f \yu2li£9Vr<L  B  =  2D  <^2T72 f* 9QZ 

A  =  DL  7x149 f 3  ?  Vis'  C  -  T  -  Vi  (A  -  CHECK  C  -  Vi  E  +  AD/B  =  T 

n,  =X( \  +  CX)l&£nL&£  n,  »  Y(B*  EY>-^*7f/aM//n,  *  PXY  -/J,9f>/0P// 


S.=as,nd(T *..*27 
|  s  2Y  -  E  (4  -  X)  -ZUll'-lQ7  Lfl  . 

v^arctanlcjl  _ #//y/ 

u  *  arctan  lc,  I  --ZSL—Z?  rfxJcY 
»r*  u  - - (}%9YZ 

v'l  C,  0|.j 


m 


6jd  =  (fs  /e»4Kn ,  -  rij  +  Hi) . 

S ,  -  a  sm  d  (T  -  6 , d  ♦  5 >d) 4&££J££Jd£jUm™ 

M*32T-(20T-A)X-^B  +  4)Y_7 _ _ _ _ 

0  »  -  (FG  un  AX)/4 _ 1 _ TJUM 

tan  AX*  —  ^Zj£*92ZlI _ 

c,  ■  cos  A0m/(sin  0m  tan  AX,;  >  Jt.  /jl  .  9/0// 
c,  *-s»n  A0m/(cos0m  tan  AX,;)  jL  ±,9<?3h72 


1 80 -a, 


a.'-. 

*360-3} 
360  -  o, 
180  ♦  a, 

180  ♦  O} 


U  ZM.ST.  . 

¥ 

UL 

9 

9t 

it/ST 

T7 

4f1.QZ'4 
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DIRECT  POSITION  COMPUTATION  FORM  FOR  LONG  LINES.  Given  0, ,  X,  ,a,  ,2  tS  to  find  02,  X2,  a,., .  East 
longitudes  positive;  azimuths  clockwise  from  north;  no  root  extraction;  only  8 -place  trigonometric  natural  tables 
(as  Peters)  required  for  desk  work. 

. /££  L _ spheroid  a  &i7?U<S  m  r _ 

I  radian  =  206264.8062  seconds 


LINE  A/#A£  / 

0  $  H 

01 _ 


tan 


to _ 

_  tan  6 1  =  (I  -  0  tan  0( 

- i - e, 


cos  6 . 


«i.a  J4L  **-/7.9#7vne, _ a- 

sin  ai  .j  rs  Af _  M  «  cos  d0  ■  cos  0 ,  sin  a, ,2  e0  7ilTjyJ^S‘J 

COS  Oi  ,.J  _  _ N*cosfl|  cosai.j  ■  f7o/  Z/7/1  sin  0o  *.iZ£U  $17/ 

c,  » (M  '&31../17& _  D*(l  -CjXI  -Ci  -C|M) _ 


c  -  K(i  JMa7f£S’03?7 / 

cos  0)  *  sin  6\ /sin  80 _ Q. _ _ 


P*c2  (I  +  ttc\  M)/D 


0|  gg- 


d-S/aD  t _ (rad)  d  L££ _ 

sin  d_  -& _ u  =  2(o, _ 

cos  d _ Zjt. _ W  *  1  -  2P  cos  u _ 

V  *  cos  u  cos  d  -  sin  u  sin  d _ L _  Y  =  2PVW  sin  d 


sin  u 
cos  u 


s±£j££JJ2±Jlk  ■» 
o 


-J 


a 


X  ■  cj  sin  d  cos  d  (2V*  -  i ). 
sin  Ao _ (2_ _ 


Ao  *  d  +  X  ~  Y 


-(rad) 


cos  Ao. 


Ao  ,/t(P. 


cos  Za. 


Za  *  2o,  -  Ao 

tan  a}.|  •  M/(N  cos  Ao  -  sin  S,  tin  Ao)  tree  Jirr _  .  <*!.( 

-  sino,.| 

0> 

.  JBLm  .  ..  .  At? 


„  _ -(sin(9|  cos  Ao  t  N  sin  Ao)  sinaj. 
(I -f)M 


£ HZ  **■ MIL 


.  an  Ao  tin  Oi  .> 

tan  An  *  — * - - — — — r— — «-* - 

cos  o,  cos  Ao  -  sin  9)  t»nAoco*0|.j 


H  ■  C|(l  -Cj)  Ao  -C|Cj  sin  Aocos  T.  JIM»/»<MI  .(rad)  H  - - 

AX*An-H^£_ 


JP _ SXMl 

SU. _ aTJ&I 


CHECK 

M  “  cos*#  •  cosd,  sino,.i  »  oos02  tin (180  ♦  ) 


_ Ot^JteLA&L 

ml  ** 

x,  *  a,  ♦  AX 


ISS 


Has**5 “■ 


f 


APPENDIX  4 
SUBROUTINE  G*  ODIST 

Fortran  rtatementi  a*  prepared  by  the  Eanh  Sciences  Divition  of  Teledyne  Industrie  i 
and  baaed  cm  the  Inver*  (reverse)  eohitkv  ot  P.D.  Thoms*.  (The  card  deck  including 
the  arc  tangent  Iftrary  function  ( AT  ANi)  U  available). 
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SEISMIC  DATA  LABORATORY 
EARTH  SCIENCES 
A  TELEDYNE  COMPANY 
ALEXANDRIA,  VIRGINIA 


TITLES  Subroutine  GEODIST 
DATEs  August  1968 


GEODIST  is  •  fortran-63  subroutine  used  in  computing  surface 
distances  on  a  given  sphere  d.  The  method  used  was  supplied  bv 
Mr.  Paul  D,  Thomas  of  the  Navel  Research  Laboratory. 

The  subroutine  currently  uses  the  constants  for  the  Clarke 
1866  model  of  the  Earth  but  another  modal  may  easily  be  substituted 
by  replacing  the  eemi -major  and  semi -minor  axes  (in  kilometers)  in 
the  subroutine.  The  variable  names  are  respectively,  AL  and  BL. 

The  calling  sequence  for  this  subroutine  includes  the  following 
values  in  the  order  listed t  (Latitude  1,  Longitude  1,  Latitude  2, 
Longitude  2,  Aaimuth,  Back  Asimuth,  Distance-kilometers,  Distance- 
degrees)  .  The  Latitudes  end  Longitudes  are  the  Geographic  coordinates 
of  the  two  points.  The  subroutine  assumes  that  positive  values  are 
North  or  Bast  and  that  negative  values  are  South  or  west.  The  forward 
aaimuth,  in  degrees  east  of  north,  is  from  point  one  to  point  two  and 
conversely  the  back  aaimuth  ia  from  point  two  to  point  one.  The  dis¬ 
tance  in  kilometers  is  the  geodesic  distance  between  the  two  points 
on  the  surface  of  the  spheroid.  The  fiducial  central  angle  distance 
in  degrees  (based  on  an  equivalent  mean  sphere)  is  obtained  by  assuming 
that  one  degree  equals  111.195  kilometers.  All  arguments  are  type 
REAL. 

CAUTION t  The  back  aaimuth  from  either  pole  may  be  slightly  in  error. 

The  subroutine  requires  225  CDC  1604  words  plus  four  1604  words 
of  labeled  common/GEODIETC/.  There  are  no  alarms,  error  returns, 
error  stops  or  printouts.  The  time  required  ia  less  than  0.15  seconds 
per  call. 

This  subroutine  uses  an  arctangent  library  function  (ATAM2)  which 
returns  an  angle  between  0  and  2  Pi  radians.  If  this  function  is  not 
in  the  system  library,  it  must  be  input  with  the  subroutine.  The 
fortran  statements  for  this  function  are  attached. 

RXPtRENCBt  Mr.  Paul  0.  Thomas.  Code  7004,  Naval  Research  Laboratory. 

Washington,  D.C.  20390. 
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C0HH0Nj«60D?S??i^.firi-52Sfp^N#STLAT#STL0N*A2.»A2.DJST.DE©> 

olff  ffi4LLif,Lifi"(L#KK#L 

i<pi2»6.2e3?e530?l6)'<8L"6;,56f*a3,d,*<D2WB*Di7453*92n*>« 

«0A»8i./1L 

f*l#Q-80A 

pi»«fcPLir#p2« 

p2B»5TLAT*B2R 

tjR«fcp|.0rt#02R 

12R*STLON#b2r 

0LR«L2R-tlB 

JlR«ATlM<8Ql*fAMp1»{), 

r2R«lfiiK(8oA.TlA(p2R,) 

TH*<llP*l2»|/2ty 

0TM«<T2H-TJR)^2,U 

sr««siR<rH> 

CTH«C0S<  «H) 

30TM«8rN<DTM) 

COTH»COS«OTH) 

»<1«STp*C0Tm 

*K«SUTM*CTm 

S0CPH«SlN(0LP/2.0» 

Ol«lCOS<COj 

SB«SH(Ot) 

t»0l/8D 

U«2,0*KL*KL/*1,U"L) 

¥.2,o*kr*Kk/L 

OMiO*T*( 

*»u*v 

S«»2*0»CO 

t»u-v 

*a»D*E 

PrM«F.P/#4,0 

. . 

®«  *  OUT/UJ.1^  **• 

. *•« 

s  S:  ”  SSrsteSKJ.’ 

fm>P!2»NlNlt.PAp9R 

5  *l"2"*l«2*P|2 
80  10  i 

80  TO  5 

*  %*KTtnu 

*  *2MiR2/02jr 
«12«AJ>I1/0PR 

iNO 
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►  UNCUON  *T*N2  ‘Y,X> 
Pl*3«l4l5926536 
ArGiAJANF  (Y/X> 

IF  U»  10*l4'll 

10  AfAN2«Pl*APG 
RfcTUKK 

11  IF  t  Y  *  12,13*13 
1?  Al  AN2»2«0*Pl*AR(» 

Rfi  Tukn 

13  AT  AN2* ARG 
RfclOKK 

14  IF  (»>  15*16*17 

15  ATAn^«i .5*pJ 
RtTl/RN 

16  Af  Afx2»o  •  0 
Rfc  tUrtK 

17  *TAN<!«o«5*p| 

RfeTOHN 

6nD 


W/  Subroutlnt  Geodist 


CLA«KE  1866  CONSTANTS 


6378206,4000  63S6S83.8000 


REFERENCE  POINT 


LATITUDE 

longitude 


55  *5  1*,5 
37  34  15, S 


DlSTANcfi  SEI^EfN  POINTS 
AZIMUTH 

**c*  ,zimdtw 


08JECT  POINT 


latitude 

LONGITUDE 


•3J»J6  *3.5 
1«  26  41.4 


10102,069865  KM 
195  48  57.8  DEG 
10  39  32,3  DEG 


reference  POINT 


LATITUDE  49  « 

LONGITUDE  l06  o 


0 

n 


distance  between  points 

rijhnARB  azimuth 
b*CK  AZIMUTH 


OBJECT  POINT 

LATITUDE  20  0 

LONGITUDE  <j  0 

’649,171338  KM 
295  1/  20,9  beg 
42  56  30./  DEG 


0 

0 


REFERENCE  POINT 


DISTANCE  BiiofilN  POINTS 
?0*»*Rfi  AZIMUTH 
B*Ck  AZIMUTH 


OBJECT  POINT 


LATITUDE 

LONGITUDE 


•46*, 62101*  KM 
•’  5*  10.*  DIG 
2*’  5/  17.4  DEG 
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W/  Subroutine  G« odist 


INTERNATIONAL  CONST  AN  I S 


63/8366.0000  635b9u»9462 


REFERENCE  POINT  OBJECT  POINT 

L A T  |  TU^t  55  45  i*,5  LATITUDE  •33»56  -SaS 

LONGITUDE  37  34  15.4  LONGITUDE  1»  2#  41.4 

u | s T  -*NCE  BE»*EFN  POINTS  10102*67o988  XM 
*ON"*Rn  AZIMUTH  i9b  46  16. 5  DEO 

o*CM  AZIMUTH  10  39  31* t  BE6 
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OBJECT  POINT 


LaTJTUUE  4*  0  0 

LONGITUDE  to*  0  0 


latjtuoe  20  0 
LONGITUDE  0  0 


UISTAMCE  Bti'EEN  POINTS  9649.4l2«0* 

FnR*»Rft  AZIMUTH  295  l7  i*.6  0E6 

■*CK  AZIMUTH  42  56  30*0  BE8 


0 
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reference  POINT 

LATITUDE  21  26  O.IJ 
LON’-i I TUUE  -l5»  *1-34,0 


OBJECT  POINT 

LATITUDE  S  »•  25*0 
LONGITUDE  -79-J4.24^ 


DISTANCE  UElBfpN  POINTS  8466.8582»G  *N 

F0«»a«0  *ZfHUTM  85  37  i2*3  DS3 

B»C«  AZIMUTH  2*v  1*>*  °®* 


